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Abstract

In this thesis we study cold bosonic atoms trapped in a lattice potential.

The recent progress in cooling alkali atoms and manipulating their inter-

actions allows for the investigation of properties beyond the ground state,

namely excitations and non-equilibrium physics. When confined to an array

of lattice sites, bosonic atoms undergo a zero temperature phase transition

between a superfluid and an insulating state. The excitations in a system

of such confined lattice bosons strongly depend on the lattice potential and

the interaction strength. In the insulating state a particle and a hole-type

mode are responsible for the low-energy physics. For the superfluid phase,

where a macroscopic number of particles occupy a single quantum state, a

gapless sound and a gapped amplitude mode determine the low-energy prop-

erties. The content of the present work is to derive these excitation and to

investigate their influence on the low-energy physics.

To understand the physics of a Bose Einstein condensate, a state of mat-

ter where a quantum mechanical wave function becomes observable at a

macroscopic length scale, one can apply a description in terms of a nonlin-

ear Schrödinger equation. While such an approach accounts for all relevant

properties of harmonically trapped atoms, in particular the gapless sound

mode, it fails to properly explain the physics of a condensate subject to a

strong lattice potential. The broken translation invariance, together with

the effect of strong interactions gives rise to a different low-energy theory, a

nonlinear Klein Gordon equation. Such a relativistic theory enables an addi-

tional type of excitation, a gapped amplitude modulation of the condensate

fraction. Here, we analyze how such a mode disappears when the parame-

ters are changed from the strongly interacting regime towards the domain

where the nonlinear Schrödinger equation is valid. We find that the gapped

mode, named Higgs mode after its similarity with the Higgs particle, exists

throughout a large portion of the phase diagram and only disappears in a

high energy continuum once the lattice can be fully absorbed in a renor-

malized mass. We discuss its evolution through the domain of intermediate

interaction and show how it can be observed in an experiment.

In the insulating phase, where interactions force the atoms in the ground

state to be localized to single sites, the system carries two type of excitations:
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A particle moving on top of the regular array or a hole moving through the

otherwise static background. How these excitations couple to experimental

probes available is subject of the second chapter. To answer this question

we develop a method capable of incorporating fluctuations on top of a mean-

field ground state in the insulating phase as well as in the close by superfluid.

Doing so, we provide a signature for the zero temperature phase transition in

terms of measurable properties of the excitation spectrum. Furthermore, our

scheme allows for a unified approach, valid for both thermodynamic phases,

and provides the connection to the discussion of the collective modes in the

first part of this thesis.

The recent progress in preparing quantum gases in optical lattices and

obtaining in-situ information which goes beyond an averaged momentum dis-

tribution allows for the study of effects related to the finite spatial extension

of the atom cloud. Due to the inhomogeneous nature of the laboratory sys-

tems, a heterostructure of alternating superfluid and insulating shells devel-

ops in the harmonic trap. We discuss mesoscopic aspects of such a structure

by applying a first quantized formalism similar to the description of spa-

tially nonuniform superconductors. By calculating the heat conductivity we

obtain results relevant to the recent discussion on the heating problem in

optical lattices close to the insulating regime.

The field of cold atoms develops currently at a pace where more and more

quantum many-body effects can be simulated in a controlled environment.

In addition, the high degree of isolation and control over these systems of-

fer pathways to new interesting physics. With the present thesis we hope

to provide some of the understanding demanded by this newly established

field located between traditional condensed matter physics and atomic and

molecular physics.
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Kurzfassung

In dieser Dissertation werden kalte Atome, die einem Gitterpotential ausge-

setzt sind, diskutiert. Fortschritte in der Kühlung von Alkaliatomen und der

Kontrolle ihrer Wechselwirkung erlauben die Untersuchung von Eigenschaf-

ten solcher Systeme, die über den Grundzustand hinausgehen. Bosonische

Atome, restringiert auf einzelne Gitterplätze, durchlaufen einen Nulltempe-

raturphasenübergang zwischen einem supraflüssigen und einem isolierenden

Zustand. Die Anregungen in einem derart eingeschlossenen System hängen

wesentlich von der Tiefe des Gitterpotentiales und der Stärke der Wech-

selwirkung ab. Während im isolierenden Zustand eine Teilchen- und eine

Lochanregung für die Niederenergiephysik verantwortlich zeichnen, sind es in

der supraflüssigen Phase eine weiche Dichteanregung und eine massive Am-

plitudenmode. Der Inhalt der vorliegenden Arbeit ist die Herleitung dieser

Anregungen und die Untersuchung ihrer Auswirkungen auf die Niederener-

giephysik.

Das Verständnis der Physik eines Bose-Einstein-Kondensates, eines Ma-

teriezustandes bei welchem eine quantenmechanische Wellenfunktion auf ei-

ner makroskopischen Längenskala beobachtbar wird, basiert auf dem Stu-

dium der nichtlinearen Schrödingergleichung. Während ein solcher Zugang

die Berechnung vieler relevanten Grössen erlaubt, namentlich die Geschwin-

digkeit von Dichtewellen, versagt er in der Beschreibung von Kondensaten,

welche tiefen Gitterpotentialen ausgesetzt werden. Die Aufhebung der Trans-

lationsinvarianz, zusammen mit dem Effekt starker Wechselwirkung, lassen

eine andere Niederenergietheorie in Form einer nichtlinearen Klein-Gordon-

Gleichung erscheinen. Solch eine relativistische Beschreibung erlaubt einen

neuen Typus von Anregungen: eine Amplitudenmodulation des Kondensa-

tanteils, welche durch eine Anregungslücke charakterisiert wird. Hier wollen

wir analysieren, wie eine solche Mode gegen den Bereich schwacher Wechsel-

wirkung, wo die nichtlineare Schrödingergleichung Gültigkeit hat, verschwin-

det. Wir finden, dass diese Higgsmode, benannt nach ihrer Ähnlichkeit mit

dem Higgsteilchen aus der Teilchenphysik, über einen weiten Bereich des

Phasendiagrams erhalten bleibt und erst im Grenzfall schwacher Wechsel-

wirkung, wo das Gitter in einer renormierten Masse absorbiert werden kann,
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in einem Hochenergiekontinuum verschwindet. Wir diskutieren ihre Evoluti-

on durch diesen intermediären Wechselwirkungsbereich und zeigen, wie man

eine solche Anregung im Experiment nachweisen kann.

Im isolierenden Zustand, in welchem die Atome auf den einzelnen Git-

terplätzen lokalisiert sind, trägt das System zwei Typen von Anregungen:

Es kann sich ein zusätzliches Teilchen über den lokalisierten Hintergrund be-

wegen oder eine Fehlstelle (ein Loch) propagiert durch die sonst statische

Anordnung von Atomen. Der Inhalt des zweiten Kapitels ist die Beschrei-

bung, wie diese Anregungen an experimentelle Proben koppeln. Der Einbe-

zug von Fluktuationen über einem Molekularfeldgrundzustand, welcher beide

Phasen, den Isolator und das Superfluidum, beschreibt, erlaubt die Beant-

wortung dieser Frage. Wir zeigen auf, wie man die Signatur des Nulltem-

peraturphasenübergangs im Experiment erkennen kann. Des weiteren lässt

uns die entwickelte Methode eine Brücke zu den kollektiven Anregungen des

ersten Kapitels schlagen.

Der neueste Fortschritt in der Präparation von Quantengasen in optischen

Gittern und die Möglichkeit, in-situ Informationen zu erhalten, die über die

gemittelte Impulsverteilung hinausgehen, erlaubt das Studium von Effekten,

die von der endlichen räumlichen Ausdehnung der Atomwolke herrühren.

Die inhomogene Falle führt zu einer Heterostruktur von alternierenden su-

praflüssigen und isolierenden Schalen welche man üblicherweise den “Hoch-

zeitskuchen” nennt. Wir diskutieren mesoskopische Aspekte solcher Struktu-

ren mittels einer erstquantisierten Sprache ähnlich der Beschreibung räumlich

inhomogener Supraleiter. Die Berechnung der Wärmeleitfähigkeit erlaubt

uns, Aussagen zu machen, welche für die Diskussion von Temperatureffekten

in optischen Gittern relevant sind.

Das Feld der kalten Atome entwickelt sich im Moment mit einer Ge-

schwindigkeit, welche mehr und mehr Quantenvielteilcheneffekte einer kon-

trollierten Simulation zugänglich machen. Zusätzlich werden durch den ho-

hen Grad an Isolation und Kontrolle neue Aspekte solcher Vielteilchensys-

teme sichtbar. Mit der vorliegenden Dissertation hoffen wir Einsichten zur

Verfügung zu stellen, welche dieses neu etablierte Feld zwischen der traditio-

nellen Festkörperphysik und der Quantenoptik verlangt.
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Chapter 1

Introduction

In 1995, Cornell and co-workers [1] ended a long lasting quest to directly

observe a Bose Einstein condensate. By the time they observed a macroscopic

population of a single particle wave function of 87Rb, there was little doubt

that such a transition from a thermal to a quantum degenerate state of

matter would occur. This was different in 1924, when Bose gave a derivation

of the quantum mechanical distribution function g(ε, T ) for the ideal gas [2].

Einstein soon realized that its form has a dramatic consequence. For low

enough temperatures, T < Tc, the smooth distribution function does not

allow to accommodate all particles [3], leading to a macroscopic occupation

of the zero energy state. For a long time, this conjecture was thought to be

of merely academic nature.

Today, with quantum mechanics on firm grounds, we can easily estimate

the critical temperature by recalling the expression for the wave length of

matter as given by de Broglies relation

λ = h/p,

where h is Plancks constant and p the momentum of the particle. As soon as

we describe processes where the length λ becomes comparable to the inter-

particle separation n−1/3, quantum mechanical effects gain importance and

we can expect a transition to the condensed state. Estimating the momentum

from the mean thermal energy p ≈ (mkBT )1/2, where m is the mass of the

particles and kB Boltzmann’s constant, we immediately arrive at

Tc ≈
n2/3~2

mkB

.
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Figure 1.1: A comparison of energy scales between cold atoms and conven-

tional condensed matter systems. In the upper panel a typical Fermi energy

EF of a strongly correlated material (e.g. La2CuO4) and the corresponding

model parameters t (hopping) and U (on-site interaction) are shown. In the

lower panel we show for a typical bosonic systems (e.g. 87Rb), the condensa-

tion temperature TBEC in a harmonic trap, the recoil energy ER of the lattice

laser, a potential depth V0 deep in the Mott insulator, and the corresponding

model parameters U and t. In addition, we show the Fermi temperature

TF for typical densities of a 40K experiment and the reached temperature of

T Ftyp ≈ 0.2TF .

At typical densities, n = 1021–1023 cm−3, however, the simple concept of

noninteracting particles condensing to a single particle ground state does not

apply; the particles either form a crystalline structure, reflecting the strong

interactions, or they form a strongly correlated quantum liquid such as 3He

and 4He. The way to condense a real gas (i.e., an only weakly interacting

system of bosons) appeared in the form of extremely dilute systems of vapors

of alkali gases at densities of n ≈ 1015 cm−3 (compare to the density of air

n = 1021 cm−3). The closeness to an ideal Bose gas these vapors represent

comes at the expense of a remarkably low critical temperature in the range

of 0.1µK; see Fig 1.1 for a general overview of energy scales.

The original argument for condensation due to Einstein heavily relied

on the density of states at low energies. It turns out, that Bose Einstein

condensation occurs only above two dimensions. This situation changes if

the particles are not moving in free space but are constraint to a finite region.

A qualitative understanding of trapped systems is given by the observation

2



Introduction

that in a harmonic trap of frequency ω0, the mean radius of a thermal cloud

is R ≈ (kBT/mω0)
1/2. Given N particles, we obtain the density n = N/R3

and find for the transition temperature

Tc ≈
~ω0N

1/3

kB

.

For a typical trapping frequency of ω0 = 102 Hz and particle numbers N ≈
104–107 we again obtain a temperature in the µK range.

The main achievement over the years that eventually lead to the conden-

sation of 87Rb was the increasing control on the interaction between light and

matter, i.e., between photons and atoms [4]. Laser cooling atoms, proposed

in the mid seventies [5, 6], as well as optical trapping techniques are based

on the force exerted on an atom by a laser field. Exposing an atom to a laser

with a frequency slightly detuned from an atomic transition, one can change

the level structure of the atom, an effect called ac-Stark shift; this is the time

dependent version of the well known (static) Stark effect.

The potential experienced by the atoms depends on the laser intensity

I(r) and the detuning ∆ = ~ω−~ωatom of the laser from the atomic transition,

i.e., V (r) ∝ I(r)/∆. Intensity maxima of a red detuned laser beam (∆ < 0)

therefore lead to attractive potentials. While these considerations allow for

optical trapping of atoms, it was realized already in 1968 that an intensity

pattern of a standing wave leads to a periodic potential [7] of the form

VOL(r) = Vx sin2(krx)e
−

r2
y+r2

z

σ2 + Vy sin2(kry)e
− r2

x+r2
z

σ2 + Vz sin2(krz)e
−

r2
x+r2

y

σ2 .

The lattice spacing a is given by half the laser wavelength a = λ/2 = π/k;

the envelope of the laser is responsible for a confinement on the scale σ � a

and the lattice depths Vi are usually measured in units of the recoil energy

ER = ~2k/2m, which sets the energy scale of the lattice. The effectiveness of

such a standing wave pattern can be appreciated by successively turning on

the lasers in the different directions, cf. Fig. 1.2. If only Vx is nonzero, the

atom cloud is cut into pancakes. If the temperature is lower than the trap-

ping frequency ωx = 2ER
√
Vx/ER, one enters an effectively two dimensional

regime [8]. Such two dimensional pancakes open the possibility to investi-

gate Berezinskii-Kosterlitz-Thouless type physics [9, 10] as has been done,

e.g., in Paris [11, 12] and in Boulder [13]. Adding a second retro-reflected

laser further reduces the dimensionality to one. This opened the way to

experimentally implement the exactly solvable Lieb-Lininger model [14]; a

3



(a) (b) (c)

Figure 1.2: The atom cloud subjected to a near resonant, red detuned,

standing laser beam. (a) For a single beam in one direction, the cloud is

cut into pancakes allowing for the study of two dimensional physics. (b)

A second, perpendicularly aligned laser reduces the dimensionality to one.

(c) For three beams, the cloud is reduced to single lattice sites: an optical

lattice.

model interesting not only in itself but also a test ground for the question of

how near-integrability influences the thermalization process. Such a question

arises quite naturally as in the laboratory the integrable model is never real-

ized perfectly [15–17]. Adding the last laser, we arrive at a situation where

the atoms are confined to zero dimensional regions in space, connected only

via tunneling between sites; a three-dimensional optical lattice as displayed

in Fig. 1.2(c) defines the topology of a three dimensional simple cubic crystal.

By retracing a major branch in atomic and molecular physics, the devel-

opment of optical control and manipulation of atoms, we naturally arrived

at a lattice system for the atoms. This is a setup typically encountered in

solid state physics, where the ions form a lattice potential for the electrons.

Before we discuss the relations between the optical lattice systems and “real”

materials, we want to see how a lattice Hamiltonian comes about for cold

atoms. We start from the microscopic description of dilute gases with

H =

∫
drψ†(r)

[
~2

2m
∇2 + VOL(r)

]
ψ(r) +

g

2

∫
drψ†(r)ψ†(r)ψ(r)ψ(r), (1.1)

where g = 4πas~2/m relates the s-wave scattering length as to the interaction

strength and ψ(r) are bosonic field operators with [ψ(r), ψ†(r′)] = δ(r− r′).

By first solving the noninteracting system (g = 0), one arrives at a set

of Bloch wave functions ϕk,n(r) with energies εn(k), where the momenta

4



Introduction

are confined to the first Brillouin zone K and n represents the band index

[18]. For sufficiently deep lattices (in the present case of an isotropic lattice

V0 ≈ ER) it is beneficial to use Wannier wave functions

wi,n(r− ri) =
ad

(2π)d

∫
K

dkϕn,k(r)e
−k·ri ,

as they are localized on lattice sites i and decay exponentially [19]. Express-

ing the microscopic Hamiltonian through operators creating particles at site

i by writing ψ(r) =
∑

i,nw
∗
i,n(r− ri)ai,n, neglecting higher bands with n > 1,

and only considering nearest-neighbor hopping and onsite interaction, we

arrive at the Bose Hubbard model [20, 21]

H = −t
∑
〈i,j〉

a†iaj +
U

2

∑
i

a†iai(a
†
iai − 1)− µ

∑
i

a†iai. (1.2)

Here, we have added a chemical potential µ; the hopping matrix element t

and the interaction strength U are given by [22]

t ≈ 4ER√
π

(
V0

ER

)3/4

e−2
√
V0/ER ,

U ≈
√

8

π

2πas
λ

ER

(
V0

ER

)3/4

.

By inspection, it is clear that the Hamiltonian (1.2) has non-trivial features

as the kinetic term and the interaction term do not commute while they

favor completely different configurations. Whereas the kinetic energy profits

from a maximally delocalized state, the interaction term favors localization.

This has a much more subtle impact on the physics in a bosonic system then

on it’s fermionic counterpart, as the Pauli principle already “optimizes” the

noninteracting ground state for the interaction due to the exchange hole [23].

From an entirely quantum optics perspective we have arrived at a lat-

tice Hamiltonian describing strong correlations. The appearance of strong

interactions seems counter-intuitive, as the dilute alkali vapors were chosen

for their property of being an optimal realization of the ideal gas. How-

ever, the correlation effects reintroduced here are appearing in the form of

a quenched kinetic energy, the gas remaining very dilute and three-body

scattering events, needed for solidification, still absent.

The question of why studying strong correlations in atomic systems may

be in place: The Gross-Pitaevskii equation [24, 25] accurately describes all

5
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Figure 1.3: Phase diagram of the Bose Hubbard Hamiltonian. For dom-

inating interaction, t < tc, there is a finite region in the t-µ plain where

an incompressible Mott phase is stabilized. For growing chemical potential

µ, a sequence of “Mott lobes” appears (blue). The density profile in the

surrounding superfluid was calculated with a method discussed in Chap. 3.

important attributes of the weakly interacting alkali condensates. It al-

lows for the calculation of ground state properties such as the single par-

ticle wave function in the form of an inverted parabola, the healing length

ξ =
√

1/8πnas describing vortices, and the velocity of the Goldstone mode

c = 2~
√
πnas/m2 [4], just to mention a few. This situation is comparable to

the theory of interacting electrons in solids. The Landau theory of electrons

[26] has a similar power in describing a large class of electronic systems by a

few simple quantities such as the quasi particle weight Z or the self energy

Σ.

The most interesting puzzles in conventional solid state physics are then

often related to a breakdown of Landau’s theory, as is the case in transition

metal oxides like La2CuO4, the parent compound for the cuprate supercon-

ductor La2−δBaδCuO4. Here, strong correlation effects in the d-orbitals of

the copper lead to a localization of the charge carriers rendering the ma-

terial insulating, despite the half-filled conduction band one would expect

from simple electron counting. In the process of understanding the physics

in such a compound, an identification of the relevant degrees of freedom [27]
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leads to Hubbard type Hamiltonians with model parameters in the strongly

correlated regime, where the interaction U dominates over the hopping t,

cf. Fig. 1.1. Regardless of the numerous attempts to solve the problem of

high temperature superconductors [28], a clear understanding is still lack-

ing. This comes about mainly due to the strong correlations present. Such

complexing imbalance between kinetic and interaction energy is encountered

also in solid state systems with bosonic degrees of freedom, e.g., Cooper-pairs

in Josephson junction arrays [29] or in granular materials. These are accu-

rately described by the quantum phase model [30], a descendant of the Bose

Hubbard Hamiltonian (1.2).

Hence, the Bose Hubbard model emerges from a solid state background

as well and we see how the understanding of strong interaction in lattice

systems is desirable, be it for fermions or bosons. The bosonic version, with

its absence of spin degrees of freedom is the “plain vanilla” implementation

of a Hubbard Hamiltonian and we give a short overview on its ground state

properties before we proceed. An instructive approach to obtain the phase

diagram is given by replacing the operator a†j → ψ with a number in the

hopping term, yielding

Hloc = −ztψ
∑
i

(a†i + ai) + ztψ2N +
U

2

∑
i

a†iai(a
†
iai − 1)− µ

∑
i

a†iai,

where N are the number of sites and z = 2d is the coordination number.

The Hamiltonian Hloc is local and can be solved perturbatively in ψ. Such

an approach is valid in the regime of strong correlations close to (and in) the

localized phase, as the order parameter ψ tends to zero towards the phase

boundary. For t = 0, the ground state density n0 is readily obtained and

given by the next larger integer of µ/U , leading to a discontinuous behavior

at µ/U ∈ N; the ground state can be written as |GS〉 =
∏

i(a
†
i )
n0/
√
n0!|vac〉,

see Fig. 1.3. One can then express the ground state energy to second order in

the hopping term leading to an expansion in powers of the order parameter

ψ. The sign-change of the second order coefficient marks the phase boundary

where ψ deviates from zero, leading to

µ±c (t, U) =
1

2

[
U(2n0 − 1)− tz ± 1

2

√
U2 − 2Utz(2n0 + 1) + (tz)2

]
.

The resulting phase diagram is shown in Fig. 1.3.
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The phase transition between the superfluid and the Mott insulating state

in the Bose Hubbard model is well studied with a variety of methods, ranging

from the first paper of Fisher and collaborators [20] who worked out the

mean-field phase diagram, the universality class of the transition and the

effect of disorder, over high order perturbation theory [31, 32] to numerical

work [33, 34].

The theoretical discussion of the Bose Hubbard model together with its

first quantum optical implementation in the strong correlation regime in

Munich 2002 [35] led to a remarkably fruitful bridge between the field of

condensed matter physics and quantum optics. The idea of implementing

model Hamiltonians in a laser laboratory was born and ever since interesting

models relevant to solid state physics are proposed to be engineered. For an

overview of recent progress in this direction see Refs. [36, 37].

The possibility to implement lattice Hamiltonians to investigate their

properties, a direction often called “quantum simulation”, is a powerful tool

in understanding “real” materials. The model Hamiltonians, implemented in

a cold atoms laboratory, reveal whether they carry the phenomena one hopes

to describe with them. However, the replication of an artificial solid does not

exhaust the possibilities that optical lattices, or cold atom systems in gen-

eral, offer. Numerous novel aspects of strong correlations appear, which are

not present in conventional materials, e.g.: The lack of dissipation due to

the almost perfect isolation from the exterior allows for the study of coher-

ent dynamics in energy ranges not accessible in a open environment [38, 39].

The re-introduction of controlled dissipative effects, on the other hand, leads

to a deeper understanding of dissipation and its impact itself [40–43]. Also

temperature is a delicate concept in cold atom systems, as heating effects

are more pronounced due to the absence of a coupled bath [44, 45]. Further-

more, new studies are possible due to the tunability of cold atoms, e.g., the

influence of a magnetic field on the spin degrees of freedom of a supercon-

ductor alone [46, 47], a situation usually masked by the Meissner effect, can

be implemented by a population imbalance between two spin states. Finally,

the issue of inhomogeneities due to the always present trapping potential not

only imposes difficulties in inferring bulk properties [33, 48], but gives also

rise to new interesting physics [46, 49].

In this thesis, we want to touch upon two aspects unique to the cold atoms

implementation of the Bose Hubbard model. In Chap. 2, we investigate

the gapped mode appearing in the strongly correlated superfluid, i.e., the

8
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condensed phase of the Hubbard model close to the insulator. Such a mode

shows up naturally due to the vicinity of the Mott phase. This can be

understood by noting that the local Hamiltonian Hloc at t = 0 has excitation

energies at ε = U, 2U, 3U, . . . . In the superfluid phase, away from the atomic

limit, a gapless Goldstone mode develops. The higher order “charging” states

persist, however [50, 51]. Another approach to such a mode is in terms of a

collective excitation. In the Gross-Pitaevskii equation mentioned above, the

only bulk excitation present is the Goldstone mode. The proximity of the

Mott phase however, changes the effective low-energy theory in a way that

at high energy, ε ≈ U , a new mode emerges [39]. This mode is only relevant

due to the lack of dissipative channels in the laboratory system. For a real

material, say a Josephson junction array, where phononic degrees of freedom

couple to the order parameter, such a high energy feature is not of particular

interest.

In Chap. 4 we discuss another effect specific to the cold atoms setup. The

envelope of the laser beam, proportional to exp(−r2/σ2), always gives rise

to a harmonic confinement of the atom cloud. The exponential decay of the

ground state wave function of a harmonic oscillator suggests that at the edge

of the atom cloud the commensurability condition on the filling1 is not ful-

filled. One therefore expects the Mott phase not to exist all the way through

the trap, an expectation which is confirmed by theory [52] and experimen-

tal evidence [53]. Moreover, a structure of alternating shells of insulating

and superfluid regions develops, usually referred to as a “wedding cake”.

These shells of superfluids and Mott insulators represent a heterostructure

of strongly correlated phases, naturally leading to a description in terms of a

“mesoscopic” language, where transmission and reflection amplitudes char-

acterize how different regions in the trap are connected. Applying a transfer

matrix formalism we investigate the heat transport between two superfluid

shells through the intervening Mott insulator. Due to peculiar spectral fea-

tures we find an unexpectedly high heat conductivity through the insulating

region.

In our work, we have encountered two aspects of the quantum optics im-

plementation of condensed matter systems which go beyond the solid state

world in the form of the amplitude mode of a lattice condensate and the

“wedding-cake” structure. Another aspect in which quantum optics largely

differs from traditional material physics is in its way to probe the system.

1Corresponding to half filling in the fermionic case.
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Figure 1.4: Sketch of a time-of-flight absorption image, representing the

momentum distribution n(k). (a) The (interaction broadened) peak corre-

sponding to a Bose Einstein condensate is clearly visible above a thermal

background. (b) If via a perturbation energy has been transferred to the

atomic system, the absorption probability is given by a transfer of atoms

from the condensate to the thermal cloud, i.e., the induced heating. (c) Cor-

relating the noise in absorption images can reveal higher order entanglement

in the ground state.

In solid state physics one can loosely divide the investigational tools in three

categories: (i) Thermodynamic probes, investigating properties such as the

heat capacity, the susceptibility to a static applied field, etc. (ii) Spectro-

scopic experiments, where the scattering of photons, neutrons, muons, etc. is

used to identify static and dynamic properties. (iii) Transport measurements,

where the sample is connected to external leads and the electric or thermal

conductivity are measured. These three techniques were developed over the

last hundred or so years, and provide a very detailed knowledge about many

static and dynamic aspects of materials.

On the other hand, the high tunability of the interaction between atoms

and light in the quantum optics world comes at the expense of a lack of

convenient measurement tools. The high degree of isolation provided, and

required, by the cold atom systems does not allow for simple transport mea-
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surements. Also thermodynamic quantities are not readily available, mainly

due to the relatively small number (≈ 105− 108) of atoms, the missing reser-

voir, and the inhomogeneous nature of the trap. This leaves spectroscopy

as the tool of choice. But for this probe as well, one has to realize that the

measurement on an atom cloud is usually destructive. The prime probing

tool in cold atoms is the expansion of the cloud by removing all trapping

potentials and then imaging the released cloud with a resonant laser pulse

after a certain time-of-flight period. In such a way, the momentum distribu-

tion in the trap before release is recovered [54], cf. Fig. 1.4. The bimodal

distribution of velocities then uncovers the condensed state, where a macro-

scopic fraction of atoms does not reside in the thermal distribution but in the

momentum states corresponding to the condensate. Most of the used probes

rely on such absorption images in one way or another. More information

on the ground state can be obtained by analyzing the noise correlation in

time-of-flight images [55].

The investigation of dynamical properties relies on the time-of-flight tech-

nique as well. Two standard techniques are Bragg spectroscopy [56] and

lattice depth modulation [57]. While in the first case momentum and en-

ergy is transferred to the atomic system by a two-photon process, the system

absorbs energy from the modulation induced sideband in the latter. The

analysis of both probes is again via a time-of-flight image after the probe.

Either a second momentum peak (transferred energy and momentum) or just

an increased temperature and therefore a depletion of the condensate can be

observed.

The destructive nature is not the only characteristic that hampers a sim-

ple interpretation of the results. The high degree of isolation, that allows to

study the pure models and that led to the accessibility of “high energy” co-

herent dynamics is obstructing the linear response approach. It is very likely

that after a short probing time, the system is not in its ground state anymore.

Therefore, due to the lack of dissipative channels, it is not the ground but an

excited state that is probed in the experiment. Nevertheless, it is instructive

to study the linear response functions to the two most prominent techniques,

lattice modulation and Bragg spectroscopy. In Chap. 3 we calculate the ex-

citations in both the Mott insulating and the superfluid phase of the Bose

Hubbard model in a unified approach. Our method based on a Hilbert space

truncation and a mapping to a spin-one problem allows for the calculation

of the linear response to both probes. In the case of Bragg spectroscopy, it is

11



the dynamic structure factor S(q, ω) known from neutron scattering. For the

lattice modulation, it is the hopping correlator Skin(ω) which has no direct

analog in condensed matter physics. We show how these two probes can be

used to gain a detailed picture of strongly correlated lattice boson [58].

In conclusion, cold atoms in optical traps represent a test ground for quan-

tum many body Hamiltonians. They allow for a simulation of the physics

of complex many-body systems in a highly tunable and clean environment.

From a theoretical perspective there are three interesting aspects emerging

due to these developments. First, the identification of model Hamiltonians

relevant to other fields of many body physics which can be implemented in

a quantum optics laboratory; this activity bridges between the condensed

matter and the quantum optics worlds [36, 37, 59]. A second discipline is

concerned with understanding aspects of the quantum optics implementation

of model Hamiltonians which go beyond the physics of classical condensed

matter physics. Among them are coherent dynamical processes far from equi-

librium, a consequence of dissipation-free dynamics and confinement-induced

phenomena. Chapter 2 and 4 of the present work belong to this category.

A third field of activity covers the analysis of response functions, or more

general, experimental probes available in cold atoms. The experimental sig-

natures used in solid state physics to identify phases, spectra, etc. have to be

translated to available investigational techniques in a laser laboratory; the

content of Chap. 3 belongs to this field.

The thesis is outlined as follows: In Chap. 2 we derive the collective

low-energy excitations of a strongly correlated lattice superfluid. We first

discuss the low-energy field theories for the case of weak interactions, the

Gross-Pitaevskii Lagrangian, and for strong interaction where the system is

described by a Lorentz invariant critical theory. In a time-dependent vari-

ational approach we take phase and amplitude fluctuations of the order pa-

rameter field into account and arrive at the spectra for a Goldstone and a

Higgs mode. The Higgs mode emerges due to the relativistic nature of the

critical theory and persists towards the weakly interacting regime, where it

disappears in a high energy continuum. We provide a way to experimentally

investigate our findings by calculating the relevant linear response functions.

In App. A we give a derivation of the amplitude mode in a complementary

RPA-approach.

To further investigate the experimental evidence of collective phenomena

and the signature of the quantum phase transition from the superfluid to the

12
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Mott insulator, we discuss the excitation spectra of the Bose Hubbard model

close to the Mott phase in Chap. 3. Making use of a unified mean-field ap-

proach, we derive the generic excitations on both sides of the transition, i.e.,

in the superfluid and the insulating states. Our method allows for the cal-

culation of various response functions corresponding to the commonly used

probes. We show that the modulation of the optical lattice depth is a power-

ful tool for the observation of low-energy zero-momentum excitations. Bragg

spectroscopy, on the other hand, proofs to give a more conclusive picture

of the phase transition; providing momentum and energy resolved informa-

tion it allows to accurately determine the single-particle spectra in the Mott

phase.

In the last Chap. 4 we introduce a “mesoscopic” description for the het-

erostructures appearing in trapped lattice systems. Due to the confinement-

induced shell structure of alternating superfluid and Mott insulating layers,

the physics is strongly influenced by boundary and finite size effects. Within

a transfer matrix formalism we derive the scattering properties of the het-

erostructure. With the help of the transmission amplitudes τ we calculate the

heat conductivity κ for an energy current between two superfluid shells dis-

connected by an insulating layer. We derive the temperature dependence of

κ and show how its high-temperature (or saturation) value depends strongly

on the position in phase space, i.e., on t/U . Furthermore, we obtain a non-

trivial behavior of this saturation value on the size of the Mott layer, as there

is a parameter range in which undamped heat transport is possible.

13
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Chapter 2

The amplitude mode of

strongly correlated lattice

bosons

The Bose Hubbard model exhibits a quantum phase transition between

an insulating Mott state and a superfluid. We aim at the determina-

tion of the excitation spectrum of the superfluid phase, in particular

its evolution from the vicinity of the Mott phase towards the weakly

interacting regime. Furthermore, we discuss a method allowing to

observe our findings in an experiment.

2.1 Introduction

In this chapter, we investigate the low-energy spectra of strongly correlated

lattice bosons in terms of collective excitations. We focus on the modulation

of the order parameter field ψ, in particular its phase and amplitude degrees

of freedom. To motivate our approach, we derive the low-energy theories of

the Bose Hubbard model (1.2) for the two limiting cases of weak and strong

interactions as described by the Lagrangians LGPE (Schrödinger-type) and

LMI (Klein Gordon-type). In order to describe the excitations of LGPE and

LMI, we need to find the canonically conjugate variables (fields), say A and

B, by identifying a kinetic term in the euclidean action of the form

Υ[A,B] =

∫ ~β

0

dτ

∫
drA~∂τB, (2.1)
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2.1 Introduction

with β = 1/kBT the inverse temperature [60]. We show how different kinetic

terms in otherwise identical theories give rise to different excitations and

find an unusual gapped mode in the critical theory LMI. We discuss its

interpretation in terms of a Higgs particle and try to clarify its relation to the

well known Anderson-Higgs mechanism in systems exhibiting spontaneous

symmetry breaking. In the core of this chapter, Sec. 2.4, we address the

question of how this gapped mode evolves towards the weakly interacting

superfluid and how it can be observed in an experiment.

The above program is carried out within a time-dependent variational

approach, a generalization of the standard Rayleigh-Ritz variational principle

Evar =
〈ψvar|H|ψvar〉
〈ψvar|ψvar〉

≥ Egs (2.2)

providing an upper bound on the ground state energy Egs of a given Hamil-

tonian H. When trying to generalize this concept to include dynamics, we

immediately observe that it amounts to calculate small oscillations of the

variational parameters {Ai, Bi} about their grounds state values {Ags

i , B
gs

i }.
However, just looking at the energy Evar is not sufficient, as we must identify

pairs (Ai, Bi) of conjugate variables. Jackiw and Kerman [61] provided a

variational definition of the Lagrangian of an arbitrary system

L = min
|ψ〉

〈ψ|~∂τ −H|ψ〉. (2.3)

with |ψ〉 running over all properly normalized states. This enables an ap-

proximate variational calculation by studying the expression

Lvar = 〈ψvar|~∂τ −H|ψvar〉, (2.4)

which is the sought generalization of Eq. (2.2) providing the required kinetic

term Υ[{Ai, Bi}]. Applying this method to the Bose-Hubbard model in the

interesting region between the regimes of validity of the two limiting theories

LGPE and LMI, we are able to find the evolution of the gapped mode towards

weak interactions and show that it only disappears once we reach the Gross-

Pitaevskii regime. Before deriving the limiting low-energy theories we discuss

what we can learn about the excitations by inspecting the most intensively

studied interacting bosonic system: superfluid 4He.
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The amplitude mode of strongly correlated lattice bosons

2.2 Motivation

Liquid 4He is a prominent example of a low temperature system that shows

nontrivial behavior in its excitation spectrum. While at long wavelengths the

physics is well understood in terms of a linearly dispersing gapless Goldstone

mode, the celebrated roton minimum at k ≈ 2 Å−1 [62] reveals the strong

influence of the inter-particle repulsion. To capture the origin of the roton

minimum, we discuss the influence of the close by crystalline phase. Solid-

ification goes along with a breakdown of translation symmetry, a property

that will proof useful in motivating the expected spectral features of strongly

correlated lattice bosons.

The structure factor S(k) = 〈ρkρ−k〉 develops peaks around the reciprocal

lattice vectors when approaching the transition from the liquid to the crystal

state. The roton minimum in the measured excitation spectrum ω(k) of 4He

is well captured by the Bijl-Feynman formula [63, 64], cf. Fig. 2.1

~ω(k) =
~2k2/2m

S(k)
. (2.5)

This form reflects the role of the tendency towards localization, as the strong

peak in S(k) [65] leading to the roton minimum indicates the proximity to

crystalline order. For the translation invariant system of 4He, this crystal-

lization does not occur at ambient pressure, however.

These results change drastically once the system is supplied with a broken

symmetry via application of a periodic potential. In this case, a Hubbard

interaction U can lead to complete localization in a Mott insulator once U

exceeds the kinetic energy described by a hopping t between neighboring cells
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∆
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Figure 2.1: (a) Mea-

sured structure factor

S(k) of Helium and

calculated spectrum via

Eq. (2.5). Figure

adapted from Figure 3 of

Ref. [63]. (b) Measured

roton minimum. Figure

adapted from Figure 4 of

Ref. [65].
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[20]. A natural question arising in the context of the generic excitations is

about the fate of the phonon branch in 4He. While in the translation invariant

system strong interactions show up as a feature of the phononic excitation

branch, we can expect a much more drastic influence of the interactions in

the case of the Bose Hubbard model

What is to be expected and how this question can be addressed is the

content of this chapter. In order to develop the language and to gain an

understanding, we take a closer look at the limits of weak t� U and strong

t ≈ U interactions.

2.3 Effective theories

We start from the Bose Hubbard model (1.2) in a coherent state path integral

formulation where the partition sum is expressed as a trace over coherent

states

|{ψ̃i}〉 = exp

[∑
i

ψ̃ia
†
i

]
|vac〉. (2.6)

The fields ψ̃i therefore denote the amplitude to find a particle in the Wan-

nier state ai (in the course of deriving low-energy theories we will encounter

order parameter amplitudes ψi denoting the expectation values of ai). The

resulting action is given by

SBH({ψ̃i}) =

∫ ~β

0

dτ
∑
i

ψ̃∗i (~∂τ−µ)ψ̃i − t
∑
〈i,j〉

ψ̃∗i ψ̃j +
U

2

∑
i

|ψ̃i|2(|ψ̃i|2 − 1)

=

∫ ~β

0

dτ LBH({ψ̃i}), (2.7)

where µ is the chemical potential. We derive effective theories for the limiting

cases of t � U and t ≈ U . In both cases, the approximation is justified by

a diverging length-scale which allows for a coarse graining of the fields {ψ̃i}
and therefore a continuum approximation for the effective Lagrangians Leff .

Whereas in the weakly interacting case it is the Gross-Pitaevskii healing

length ξGPE that exceeds the lattice constant a, it is the diverging correlation

length ξMI of the superfluid order in the case of strong interactions.

We inspect these theories by solving the Euler-Lagrange equations∑
ν

∂

∂ν

∂Leff

∂∂νχα
− ∂Leff

∂χα
= 0, (2.8)
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The amplitude mode of strongly correlated lattice bosons

where ν = τ, x1, . . . , xd and χα are the fields representing the relevant low-

energy degrees of freedom, see below. We will find that for T = 0, the

weakly interacting superfluid exhibits only one mode, the phonon or sound

mode, whereas in the vicinity of the Mott insulator an additional gapped mode

appears. To understand these modes, we discuss the symmetry properties of

the effective theories, in particular, we will investigate the kinetic terms Υ

in Leff , which reveal the interrelation between different fields χα.

2.3.1 Gross-Pitaevskii theory

We begin with deriving a low-energy description of the action (2.7) for the

weakly interacting case. For simplicity, we restrict our considerations to the

case of an integer filling n̄ ∈ N per lattice site. Doing so, we can make µ

disappear from the problem by shifting the energy by µ = Un̄, which amounts

to remove a trivial phase exp(iµt) from the ground state wave function.

Comparing the hopping and the interaction terms in (2.7), we identify the

length scale

ξGPE = a
√
t/Un̄. (2.9)

For t/Un̄� 1 the healing length ξGPE exceeds the lattice spacing a and we can

coarse grain the fields {ψ̃i}. This corresponds to a gradient expansion of the

hopping term in (2.7), where the diverging correlation length ξGPE controls

the truncation to the first term in the expansion. We then immediately arrive

at the Lagrangian LGPE [24, 25, 66]

LGPE(ψ) = ψ∗~∂τψ − ta2|∇ψ|2 +
U

4
|ψ|4, (2.10)

where we switched from ψ̃i to ψ(r), i.e., from coherent states to the Gross-

Pitaevskii wave function (hence the name “healing length” for ξGPE). Fur-

thermore, we interpret the ψ(ri) = 〈ai〉 as the order parameter of the super-

fluid state. This re-interpretation is due to the equivalence of (2.10) with

the action derived by assuming a many-body wave function of the form

Ψ({rn}) =
∏

n ψ(rn), where rn denotes the coordinate of the n’th parti-

cle. Evaluating the free space Hamiltonian (1.1) within Ψ({rn}), one obtains

the Gross-Pitaevskii equation. Raising the Gross-Pitaevskii equation to an

action, one arrives at (2.10). Together with the fact that by the ansatz of

a product wave function one implies full condensation, i.e., the order pa-

rameter ψi = 〈ai〉 and the density ni = 〈a†iai〉 = |ψi|2 are bound to each
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2.3 Effective theories

other, we arrive at the interpretation of ψ(ri) as an order-parameter field.

This reduction of independent degrees of freedom (linked density and order-

parameter) can be understood in two ways. From the fact that Eq. (2.10)

effectively restores the Galilean invariance which was originally broken by the

lattice, we expect full condensation and only one excitation branch as in 4He

[67]. On the other hand, we note that writing the condensate wave function

ψ = (ψ0 + δψ) exp(iϕ) in terms of two real fields ϕ and δψ and inserting this

ansatz into Eq. (2.10) leads to a kinetic term in the action

Υ[ϕ, δψ] =

∫ ~β

0

dτ

∫
drϕ~∂τδψ2. (2.11)

From the form Υ[ϕ, δψ] we learn that the phase ϕ and the density δψ2 are

canonically conjugate variables and the two fields lead to only one indepen-

dent degree of freedom. When calculating the excitations, we therefore only

need to consider the phase field as the density is slaved to it via (2.11). The

evolution of the amplitude field is completely determined by the continuity

equation following via the Noether theorem from the U(1) symmetry of (2.10)

~∂τδψ2 = ta2n̄∇2ϕ. (2.12)

To derive the excitation spectrum of (2.10) we first investigate the static

Euler-Lagrange equation leading to the ground state wave function ψ0(r) =

ψ0 =
√
n̄. Expanding the Gross-Pitaevskii equation in small δψ and solving

the linearized equations of motion for the phase field ϕ, we obtain the well

known phonon dispersion

~ωϕ(k)
k→0
=
√
ta2Un̄ k = ck. (2.13)

The vanishing energy for k → 0 is a consequence of the Goldstone theo-

rem [68] as the ground state breaks the U(1) gauge symmetry of the action

(2.7). However, the standard picture of a “Mexican-hat” potential V (ψ) for

the dynamics of the system can be misleading, cf. Fig. 2.2. It is of crucial

importance that for the Gross-Pitaevskii Lagrangian (2.10) this is a “poten-

tial” in phase space, rather then in real space. Hence, one cannot expect two

independent modes for ϕ and δψ [69]. In the next section we will see how

this situation is altered when the Lagrangian changes from a Galilean to a

Lorentz invariant one.
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[ϕ, δψ2] = 0

[ϕ, δψ2] = ih̄

ϕ δψ

Re(ψ)Im(ψ)

(c)

(b)(a)

V (ψ)
ψ0

Figure 2.2: (a) The effective “Mexican hat” potential V (ψ) for the complex

order parameter ψ. The equilibrium solution ψ0 is chosen to be real and

the (local) fluctuations around this value are parametrized in terms of ϕ and

δψ. (b) In the Gross-Pitaevskii system ϕ and δψ2 are conjugate variables,

leading to only a single mode. (c) In the relativistic situation, ϕ and δψ are

independent and give rise to two modes.

2.3.2 Lorentz invariant critical theory

The derivation of a low-energy theory for the strongly correlated superfluid

is more involved. At first sight there is no small parameter as in the Gross-

Pitaevskii regime, where U/t� 1. The opposite extreme, t/U � 1 is not ap-

propriate: for lattice bosons with integer filling fraction n̄, we would expand

within the Mott regime and not within the superfluid. However, numerical

studies [34] confirm the expectation that the transition to the Mott insulator

state is of second order [20], thereby supplying a small parameter. The con-

tinuously vanishing order parameter ψ = 〈ai〉 → 0 in the strongly correlated

superfluid and the associated diverging correlation length ξMI →∞ allow for

coarse graining and an expansion of (2.7) in a small Hubbard-Stratonovich

field ψHS [70]. We remark here, that this correlation length does not emerge

directly from the original action as ξGPE did for U → 0. In other words,

we have to find the relevant degrees of freedom, for which we can apply

a continuum approximation (gradient expansion). The use of a Hubbard-

Stratonovich field ψHS, coupled suitably to the original fields ψ̃i, is one such

route.

Another route to a low-energy theory is offered by the smallness of the
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order parameter ψ, which reflects the suppressed number fluctuations due to

strong interactions. One can therefore apply a truncation scheme restricting

the local Hilbert space to only three filling states |n̄〉 and |n̄±1〉 [71]. In

the following, we outline this prescription as it leads naturally to the kinetic

term Υ.

We begin with the introduction of an overcomplete set of basis states in

analogy to spin coherent states [72] and write many-body states |Ω〉 in the

form

|Ω〉=
∏
i

[
cos(ϑi)|n̄〉+ sin(ϑi)e

iηi
(
eiϕi sin(χi)|n̄+1〉+ e−iϕi cos(χi)|n̄−1〉

)]
.

(2.14)

The over completeness allows for the construction of a coherent state path

integral [72, 73] and the overlap between states with different {ηi, ϕi, χi, ϑi}
gives rise to a kinetic term of the form

Υ[η, ϕ, χ, ϑ] =

∫ ~β

0

dτ
∑
i

sin2(ϑi)[~∂τηi − cos(2χi)~∂τϕi]. (2.15)

Combining this with the expressions for the density and the density-fluctuation

〈Ω|ni|Ω〉 = n̄+ sin2(ϑi) cos(2χi) and 〈Ω|n2
i |Ω〉−〈Ω|ni|Ω〉2 ≈ sin2(ϑi), (2.16)

we see that ϕi is conjugate to the density and ηi to its fluctuations. This

shows that we deal with one more degree of freedom as compared to the

Gross-Pitaevskii regime. The sought low-energy theory is now obtained via

expanding the expression Υ[η, ϕ, χ, ϑ] + 〈Ω|HBH|Ω〉 in small η and χ − π/4.

This is justified by the suppressed number fluctuations (small η) and small

deviation from integer filling (small χ), respectively. The fields η and χ can

then be integrated over. By writing ψ = sin(2ϑ) exp(iϕ)/2 we immediately

observe that ϕ and |ψ|2 are not conjugate quantities, cf. Eq. (2.15). We

arrive at the Lagrangian [73]

LMI(ψ) =
1

2tn̄z
|~∂τψ|2 + 2tn̄z(uc − u)

[
ξ2

MI|∇ψ|2 − |ψ|2
]
− U

4
|ψ|4; (2.17)

the critical u = U/2tn̄z is given by uc = 2, where z = 2d is the coordination

number and the correlation length

ξMI = a/
√
z(uc − u) (2.18)
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diverges at the phase boundary. The appearance of the diverging correlation

length in front of the kinetic energy written in terms of the new fields ϑi and

ϕi allowed again for a continuum approximation.

By inspecting the Lagrangian LMI, we realize that the broken translation

symmetry together with strong interactions gives rise to a Lorentz invariant

critical theory for the superfluid to Mott transition. The important difference

to the Gross-Pitaevskii result LGPE is the second order time derivative, which

renders ϕ and |ψ|2 independent. Also from physical grounds, we expected

a new degree of freedom to appear, as the reduced order parameter ψ is

independent of the density, to which ϕ is conjugate, cf. Eq. (2.15).

Solving the static Euler-Lagrange equations for (2.17), we find the ground

state solution ψ0 =
√

2(uc/u− 1). Writing the order parameter as ψ =

(ψ0 + δψ) exp(iϕ) and expanding to linear order in ϕ and δψ, we obtain two

independent modes, cf. Fig. 2.2(c),

Phase mode ϕ : ~ωϕ(k)
k→0
= 2tn̄

√
zak = ck, (2.19)

Amplitude mode δψ : ~ωδψ(k)
k→0
= 2tn̄z

√
uc − u = ∆. (2.20)

Note that the sound velocity c does not show any singularity at u = uc,

whereas the gap ∆ closes at the transition. This is a peculiar feature valid at

integer filling [70]. For the transition at arbitrary filling (n̄ /∈ N), the action

(2.17) acquires an additional term proportional to ψ∗~∂τψ, which prevents

the gap from closing.

2.3.3 Anderson-Higgs mechanism – Higgs particle

We have seen a gapped mode emerging in the case of the Lorentz invariant

theory describing an order parameter amplitude modulation. We will refer to

this mode as the Higgs mode in analogy to the Higgs particle in high energy

physics. To clarify this terminology and to avoid confusion with the well

known Anderson-Higgs mechanism we shortly discuss the two phenomena.

We write (2.17) in terms of ψ = (ψ0+δψ) exp(iϕ) and rescale the temporal

τ ′ = ~τ and spatial coordinates r′ = 2tn̄a
√
zr. This allows us to write the

effective theory in a manifestly Lorentz invariant form

LMI(δψ, ϕ) ∝ (∂µδψ)2 + (δψ + ψ0)
2(∂µϕ)2 + V (δψ), (2.21)

where µ = τ ′, x′1, . . . , x
′
d. We now introduce a gauge field Aµ via the general

procedure of promoting the global gauge invariance ϕ → ϕ + Θ of (2.21)
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2.3 Effective theories

to a local one ϕ → ϕ + Θ(xµ). In order for LMI to be invariant under

such a transformation, we need to introduce a gauge field which transforms

as Aµ → Aµ − ∂µΘ(xµ) and couple it minimally to the field ϕ, therefore

introducing the derivatives

Dµδψ = ∂µδψ and Dµϕ = ∂µϕ+ Aµ. (2.22)

For a meaningful physical theory in terms of the fields ϕ, δψ, and Aµ, we

need to add the standard Maxwell term

LHiggs(δψ, ϕ,Aµ) = −1

4
(Fµν)

2+(Dµδψ)2+(δψ+ψ0)
2(Dµϕ)2+V (δψ), (2.23)

with Fµν = ∂µAν−∂νAµ. Due to the mixing between Aµ and ϕ, these modes

are no longer amenable to a direct identification. However, by introducing

new coordinates

cµ = Aµ + ∂µϕ, (2.24)

we immediately arrive at [74]

LHiggs(δψ, cµ) = −1

4
(∂µcν−∂νcµ)2+(δψ+ψ0)

2(cµ)
2+(∂µδψ)2+V (δψ). (2.25)

We can read off the modes associated with small oscillations of the fields

about their equilibrium by looking at the quadratic part of LHiggs. The first

observation is that the pure ϕ-field has disappeared and a massive vector

boson (cµ) with mass m2
photon = 2ψ2

0 has appeared in its place. This is the

Anderson-Higgs mechanism by which the Goldstone mode (ϕ) of a charged

superconductor combines with the photon (Aµ) and acquires a gap leading to

the Meissner effect. Another way of understanding this mechanism is via the

observation that the Goldstone mode was given by a modulation of ϕ, which

in the presence of the field Aµ can always be gauged away by an appropriate

choice of Θ(xµ). From this point of view, the Goldstone mode was never

there to begin with.

The second gapped mode is given by oscillations of δψ about its mini-

mum; this is the amplitude mode described above for the strongly correlated

superfluid. Its gap ∆ is given by the details of V (δψ), cf. Eq. (2.20).

In the context of superconductors, such an amplitude mode was discussed

for the charge-density wave/superconductor phase of NbSe2 [69, 75, 76]. In

high energy physics, the Anderson-Higgs mechanism (in a non-abelian version

for the gauge field) is responsible for the masses of the Z andW vector bosons
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Figure 2.3: Overview of the regimes of validity of the coarse grained theories

SGPE(ψ) and SMI(ψ). For fillings n̄ > 1, there is a finite region where neither of

the effective theories is valid. The quantum phase model as a description for

the Bose Hubbard model relies on the approximate particle-hole symmetry

which is present for ξGPE � a and is therefore valid in the regime where

SGPE(ψ) cannot be used.

and the amplitude-mode of the (vector) δψ-field represents the proposed

Higgs particle [77–80], hence the name Higgs mode for the amplitude mode in

the strongly correlated superfluid. Furthermore, we note that in the present

case of uncharged bosons there is no gauge field Aµ and we are left with the

gapless Goldstone mode (phonon, phase mode) and the Higgs mode (order-

parameter amplitude modulation).

2.3.4 The quantum phase model

From the effective theories for weak [LGPE] and strong [LMI] interactions we

learn about the generic low-energy excitations of the lattice superfluid. Their

range of validity is given by the diverging length scales ξGPE � a and ξMI � a.

Comparing the two expressions (2.9) and (2.18) we realize that for

1

2zn̄2
< u < 2− 1

z
(2.26)

neither of the two effective theories describes the Bose-Hubbard model, cf.

Fig. 2.3. The obvious question that arises is: which type of physics governs

the intermediate regime? Is it given by just one mode, the phonon of the
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2.3 Effective theories

Gross-Pitaevskii theory, or is it the relativistic theory with two modes? The

remainder of this chapter is devoted to the study of this question.

In order to approach the intermediate regime we cannot resort to a con-

tinuum field theory. A convenient way to describe the Bose-Hubbard model

in this regime is given by the quantum phase model. For large site occupancy

(n̄ � 1), the Hubbard model in the intermediate (and strong) interaction

regimes is equivalent to the (simpler) quantum phase model [81, 82]

HQPM = −J
∑
〈i,j〉

cos(ϕ̂i − ϕ̂j) +
U

2

∑
i

δn̂2
i , (2.27)

with the Josephson coupling J = 2tn̄. The conjugate operators ϕ̂i and δn̂j,

[ϕ̂i, δn̂j] = i~δij, describe the local phase and the deviation from mean filling,

respectively; we still assume commensurate filling. To derive HQPM from (2.7)

one writes ψ̃i =
√
δni + n̄ exp(iϕi) and obtains

SBH({ψ̃i}) =

∫ ~β

0

dτ
∑
i

[
1

2
δṅi + iϕ̇i(δni + n̄)

]
+
U

2

∑
i

δn2
i (2.28)

− 2t
∑
〈i,j〉

√
δni + n̄

√
δnj + n̄ cos(ϕi − ϕj). (2.29)

Note that here the fields ψ̃i again denote the amplitudes to find a particle in

a Wannier state at site ri and not an order-parameter amplitude. Therefore,

the quantities δni characterise the local densities and not the order-parameter

fluctuations. One recognizes that δṅi/2 is a total derivative and can be

dropped from the action. The term proportional to iϕ̇in̄ is irrelevant for

n̄ ∈ N and can be dropped as well1. Expanding to lowest order in δni/n̄ and

take n̄→∞ with n̄t = const., we make use of the granularity of the system

to identify a small local quantity δni/n̄. We obtain

SBH({ψ̃i}) ≈
∫ ~β

0

dτ
∑
i

U

2

(
δni +

iϕ̇i
U

)2

︸ ︷︷ ︸
Gaussian integral

+
ϕ̇2
i

2U
− 2tn̄

∑
〈i,j〉

cos(ϕi − ϕj) (2.30)

=

∫ ~β

0

dτ
∑
i

ϕ̇i
1

U
ϕ̇i − 2tn̄

∑
〈i,j〉

cos(ϕi − ϕj)︸ ︷︷ ︸
LQPM

= SQPM({ϕi}), (2.31)

1For n̄ /∈ N, iϕin̄ corresponds to a topological term, giving rise to the Magnus force on
vortices.
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where we have integrated over the density fluctuations {δni} in going from

(2.30) to (2.31). Identifying the canonical momenta πi = ∂ϕ̇i
LQPM, writing

the Hamiltonian as H =
∑

i πiϕ̇i − LQPM, and imposing the canonical com-

mutation relation [ϕ̂i, δn̂j] = i~δij, we obtain Eq. (2.27). Note that we wrote

δni = πi again and we use a hat to clarify the role of operators and classical

fields in the remainder of this chapter.

The only approximation in the derivation of the quantum phase model

was δni/n̄ � 1. This is clearly satisfied for large n̄ and close to the Mott

insulator where particle number fluctuations are suppressed. To see how far

into the weakly interacting regime or low filling the quantum phase model is

a valid description for the Bose Hubbard model, we investigate the spin-wave

approximation of LQPM. We replace

cos(ϕi − ϕj) → 1− (ϕi − ϕj)
2

2
, (2.32)

in (2.31). After expressing the resulting Lagrangian in k-space and expanding

in small k (corresponding to a gradient expansion) we obtain

Lsw

QPM ≈
1

2U
|∂τϕk|2 −

Ja2

4
k2|ϕk|2. (2.33)

We obtained the spin wave spectrum for the quantum phase model by first

integrating out density fluctuations and then applying a gradient expansion

on the fields ϕi. We recall, that to derive the Gross-Pitaevskii Lagrangian we

applied first a gradient expansion, acting on both, the ϕi and the δni fields,

and only then integrated over density fluctuations. To compare the spin-wave

spectrum of the two models (Gross-Pitaevskii and quantum phase model),

we write the fields ψ(ri) in the Gross-Pitaevskii Lagrangian (2.10) in terms

of phase (ϕi) and amplitude (δni) and integrate out δni after expanding to

second order in δni/n̄.2 We arrive at

Lsw

BH ≈
1

2U

1

k2ξ2
GPE + 1

|∂τϕk|2 −
Ja2

4
k2|ϕk|2. (2.34)

From these considerations we learn that the quantum phase model is a good

approximation if k2ξ2
GPE � 1; this additional term arises from the gradient

2This step is equivalent to linearizing the equation of motion for the phase degree of
freedom.
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Figure 2.4: (a) If density disturbances are healed on a scale shorter then the

lattice spacing, the quantum phase model is a valid approximation for the

Bose Hubbard model. (b) For values of ξGPE > a the quantum phase model

does not describe the Bose Hubbard model. From Sec. 2.3.1 we know the

the Gross-Pitaevskii equation is valid here. (c) In terms of the dispersion

~ω(k) of the spin-waves, the difference between the quantum phase model

and the Hubbard model appears for k > 1/ξGPE. The lattice imposes the

zone boundary (at k = π/a) and within the gray shaded area (ξ ≤ a) the

dispersions turn out to be identical.

expansion of the δni fields not present in the quantum phase model. As

k ≤ π/a we identify the condition

ξGPE

!

≤ a (2.35)

for the validity of the approximation δni/n̄ � 1 in the derivation of the

quantum phase model. This result reveals: (i) The quantum phase model

is a good description of the Bose Hubbard model if density disturbances

are healed on a scale smaller then the lattice constant, cf. Fig. 2.4, and

(ii) the quantum phase model has a mutually exclusive range of validity

with the Gross-Pitaevskii description, see Fig. 2.3. Another interpretation

of the condition (2.35) is given by the observation that for k > ξGPE, the

spin-wave dispersion of the Hubbard model (2.34) becomes particle-like, i.e.,

proportional to k2. The spin-waves of the phase-only-model remain linear for

all k. The lattice provides a high momentum cutoff at k = π/a. If the lattice

spacing a is larger then the healing length ξGPE, the effect of the curvature

for large k is cut off and the quantum phase model is a valid description of

the Bose Hubbard model, cf. Fig. 2.4(c).
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Before proceeding, we remark once again that by integrating out the

density fluctuations {δni} we did not exclude order-parameter fluctuations.

In the language of the quantum phase model the order parameter is given by

the expectation value

ψi = 〈e−iϕ̂i〉, (2.36)

which can be seen by the fact that in the number basis |ni〉 the operator

exp(iϕ̂i) corresponds to the translation operator exp(iϕ̂i)|ni〉 = |ni+1〉. With

the quantum phase model at hand, we can now study the physics of the Bose

Hubbard model in the intermediate regime.

2.4 The amplitude mode in the intermediate

regime

We analyze the quantum phase model within a dynamical variational ap-

proach, which accounts for both phase and amplitude degrees of freedom

and allows us to capture the low-energy physics of a depleted condensate

near the Mott-insulator transition. We first derive the static properties in a

mean-field approach and then include dynamics within a Gaussian approxi-

mation due to Jackiw and Kerman [61]. Second, we discuss the response of

the system to an external lattice modulation, thereby connecting our findings

with recent experiments [83].

2.4.1 Ground state

To describe the ground state of the quantum phase model (2.27) within a

mean-field approach, we make use of a product wave function3

|Ψ〉 =
∏
i

∑
ni

fni
(σi, ϕi)|ni〉 with

fni
(σi, ϕi) =

1

(2πσi)1/4
e−(ni−n̄)2/2σiein̄ϕi , (2.37)

where |ni〉 is a particle-number state of the quantum phase model with

δn̂i|ni〉 = (ni − n̄)|ni〉. The order-parameter in the state given by (2.37)

is

ψi = 〈exp(−iϕ̂i)〉 = e−1/4σie−iϕi , (2.38)

3In this context called Gutzwiller-wave function.
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so that σi and ϕi determine phase and amplitude (fluctuations) of ψi, respec-

tively. The wave-function |Ψ〉 has a norm

〈Ψ|Ψ〉 =
∏
i

∑
ni

f ∗ni
fni

=
∏
i

∑
m

exp[−(mπσi)
2] (2.39)

and is not properly normalized, a consequence of the discreteness of the

particle numbers.4 This is not a problem as long as we stay away from the

superfluid to insulator transition so that particle number fluctuations are

large (σi � 1); we will concentrate on this regime.

The variational energy is given by

εvar({σi, ϕi}) = 〈Ψ|HQPM|Ψ〉

= −J
∑
〈i,j〉

e−(σ−1
i +σ−1

j )/4 cos(ϕi − ϕj) +
U

4

∑
i

σi (2.40)

and is minimized for ϕi = ϕmf ≡ 0 and σi = σmf ≡ 0 in the Mott phase (note

that σi > 0). In the superfluid phase σmf 6= 0, leading to an order-parameter

(or condensate fraction)

ψ2
0 ≡ e−1/2σmf = e2W

(
−
√
u/16
)
, (2.41)

where W (x) is the Lambert-W function,5 cf. Fig. 2.6(b).

If the above scheme is carried out blindly all the way to strong coupling,

the transition to the Mott insulator appears to be first (rather than second)

order [20], cf. Fig. 2.5. Besides a local minimum at σi = 0, which is always

present, a second minimum first appears at u? = 16/e2 ≈ 2.16 (spinodal

point). The resulting spurious first-order transition (at u1 ≈ 1.47) is due to

the failure of the variational wave-function when the particle number fluctu-

ations become small 〈δn̂2
i 〉 � 1 near the transition [82]. We note that this is

not related to the aforementioned normalization problem as we can correct

the normalization order by order in m, cf. Eq. (2.39), which does not cure

the problem of the order of the transition, however. As mentioned earlier,

4We used the Euler-McLaurin formula to approximate the sum in the normalization
factor by an integral over ni. The correction factor is given by the sum over m in the last
factor of Eq. (2.39).

5The Lambert-W function is defined as the solution to W (x) exp[W (x)] = x. It is
real, negative, and monotonous for x ∈ [−1/e, 0] with W (−1/e) = −1 and W (0) = 0.
Furthermore, W(x) ≈ x for x→ 0.
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Figure 2.5: Variational energy

εvar versus interaction strength

u and width σ. For u < u1, the

minimal energy configuration

is given by σ = 0, i.e., the Mott

phase. For all u < u?, a sec-

ond minimum appears at σ 6=
0. For u < u1 this minimum

reflects the superfluid ground

state. This spurious first-order

transition is an artifact of our

variational approach.

we will use our approach only away from the critical regime of LMI, where

(2.37) should be a good approximation.

Above, the Rayleigh-Ritz method (2.2) provided us with the mean-field

values σmf and ϕmf for the ground state wave function. From the discussion

in Sec. 2.3, we have learnt that it is crucial not only to find the potential for

the fields, here εvar({σi, ϕi}) but also the canonically conjugate relation be-

tween these fields. To find the kinetic terms Υ, we apply the time-dependent

variational theory due to Jackiw, cf. Eq. (2.4).

2.4.2 Excitations

The straight forward application of the time-dependent variational procedure

to the wave function (2.37) shows that simply allowing σi and ϕi to acquire

a time dependence does not give rise to any dynamics, as σi and ϕi are not

conjugate to each other and therefore no kinetic term Υ ∝ i
∫
dt
∑

i σi~∂tϕi
appears in the action (note that we switched to real time here). Such a term

is needed, however, in order for the Euler-Lagrange equations to be time

dependent. The inclusion of new fields Σi and Φi is therefore necessary and

it is easy to see that the class of variational wave functions

fni
=

1

(2πσi)1/4
e−(ni−Φi)

2
(
1/2σi−2iΣi

)
ei(ni−Φi)ϕi , (2.42)
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Figure 2.6: (a) Spectra for the phonon- (dash-dotted) and the amplitude

mode (dotted). Black curves correspond to u = U/Jz = 0.25, gray curves

to u = 1. (b) Gap ∆σ of the amplitude mode (dotted) and the phonon

bandwidth Wϕ (dash-dotted) versus dimensionless coupling u = U/Jz in the

superfluid phase. The gray shaded area corresponds to the Mott phase. The

solid line denotes the condensate fraction ψ2
0.

allows the order parameter’s amplitude (σi) and phase (ϕi) degrees of freedom

to acquire dynamics. This ansatz generates the Lagrangian

Leff =
∑
i

~σ̇iΣi + ~ϕ̇iΦi −
U

4
σi −

U

2
(n̄− Φi)

2 (2.43)

+ J
∑
〈i,j〉

e−(1+16Σ2
i σ

2
i )/4σie−(1+16Σ2

jσ
2
j )/4σj cos(ϕi − ϕj).

Indeed, the pairs (σi, Σi) and (ϕi, Φi) represent conjugate fields; the interac-

tion terms ∝ U are linear/quadratic in these fields and the coupling between

phase (ϕi) and amplitude (σi) degrees of freedom is only through the hopping

term ∝ J .

We obtain an effective action in terms of the fields σi and ϕi by solv-

ing the Euler-Lagrange equations for Σi and Φi. The static solution of the

Euler-Lagrange equations for the σi and ϕi fields reproduces the mean-field

ground state Eq. (2.41). Expanding the effective action around (σmf , ϕmf) to

second order, we find decoupled amplitude and phase degrees of freedom in

Leff . We use a Legendre transformation [(xi, ẋi)  (xi,Πxi
), where x = σ,

ϕ] to quantize the real, classical fields and introduce the ladder operators
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The amplitude mode of strongly correlated lattice bosons

([x̂k, x̂
†
k′ ] = δk,k′):(

x̂i
Π̂xi

)
=

1√
N

∑
k

(
Axk
iBx

k

)[
x̂ke

ik·ri ± x̂†ke
−ik·ri

]
. (2.44)

Here, Axk =
√

~/2mxωx(k) = Bx
k/ωx(k), N is the number of sites, and the

“masses” are given by mσ = ~2| logψ0|/2Jzψ2
0 and mϕ = ~2/U . We finally

obtain the quadratic Hamiltonian

Ĥeff =
∑
k

~ωϕ(k)ϕ̂†kϕ̂k +
∑
k

~ωσ(k)σ̂†kσ̂k (2.45)

describing phase and amplitude fluctuations above the mean-field ground

state. The dispersions of the modes are given by

~ωσ(k) =
√
UJz ψ2

0

×
√

32| log(ψ0)|2{2 + log(ψ0)[1 + γ(k)]}/u,

~ωϕ(k) =
√
UJz ψ0

√
1− γ(k), (2.46)

where γ(k) = (2/z)
∑d

l=1 cos(k · al) with lattice vectors al. The amplitude

mode is characterized by a finite gap ∆σ = ~ωσ(0) extending throughout

the entire range of parameters6, cf. Fig. 2.6; for small u → 0 the ampli-

tude mode becomes non-dispersive, i.e, ~ωσ(k) ≈ ∆σ for all k. The phase

mode, on the other hand, is gap-less and characterized by a sound velocity

veff
s =

√
UJzψ2

0a/~. This is the Gross-Pitaevskii result, up to the factor ψ2
0

accounting for the depletion of the condensate at large u.

2.4.3 Kinetic response

Because the sound mode corresponds to a density fluctuation it can be probed

directly by measuring the dynamic structure factor related to the density-

density response of the system. This has been done in systems of ultracold

atoms by applying Bragg-spectroscopy [56]. The gapped amplitude mode

described above is not directly accessible to Bragg spectroscopy because it

does not involve a density modulation. Rather, it would be excited by pertur-

bations that act to modulate the particle number variance, or equivalently,

6The gap vanishes at the spinodal u?, reflecting the consistency of the theory with both
the critical theory [70] and previous studies of the amplitude mode [58].
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Figure 2.7: The response function to the lattice modulation Skin(ω) within

the quadratic theory for different values of the interaction strength u in two

dimensions. The dark gray peak relates to the absorption of a single ampli-

tude mode at ~ω = ∆σ (for illustrational purposes we give the delta-peak

a finite width). The area in faint gray corresponds to the two-phonon con-

tinuum excited at energies below twice the phonon bandwidth ~ω ≤ 2Wϕ

(the logarithmic divergence is a density-of-states effect peculiar to two di-

mensions). Both absorption probabilities scale as u at small u.

the distance to the Mott insulator phase. Experiments in ultracold atoms

have done just that [57]. By modulating the strength of the optical lat-

tice potential, those experiments effectively modulate the tunneling which is

exponentially sensitive to the lattice depth. We remark that a similar modu-

lation of the Josephson coupling was proposed to be relevant in experiments

measuring the attenuation of ultrasound [84], however, only coupling to the

phase degrees of freedom was considered in this context.

To calculate the response to a lattice modulation, we return to the clas-

sical theory Leff , cf. Eq. (2.43), and extract the kinetic energy by replacing

J → J +h. Going through the re-quantization procedure (2.44) and keeping

track of terms ∝ h, we obtain the kinetic-energy operator T̂ = T̂σ + T̂ϕ,

which we expand to lowest order in u to illustrate the scaling towards small
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The amplitude mode of strongly correlated lattice bosons

interactions

T̂σ ≈
√
u

z

2
√

2

√
N(σ̂0 + σ̂†0), (2.47)

T̂ϕ ≈
√
u
∑
k

z

4

√
1− γ(k)[ϕ̂kϕ̂−k + ϕ̂†kϕ̂

†
−k + ϕ̂†kϕ̂k].

The operator T̂σ describes the expected direct coupling of the lattice mod-

ulations to the amplitude mode at k = 0. The other term T̂ϕ describes

excitations of phason pairs by the lattice modulations. Both operators scale

as
√
u for small interactions.

Accordingly, the linear response function Skin(ω) =
∑

n |〈n|T̂ |0〉|2δ(~ω −
~ωn0), with |n〉 the eigenstates of the unperturbed Hamiltonian (2.45) and

~ωn0 the energy differences between states |0〉 and |n〉, is composed of two

parts including a single mode peak due to the massive mode and a continuum

of phason pairs:

Skin(ω) =
2z2ψ4

0| logψ0|2√
1 + logψ0

Nδ(~ω −∆σ) + Skin

2p (ω),

leading to an absorbed energy E = 2π(δJ)2Skin(ω)ωtmod with tmod the mod-

ulation time and δJ the modulation amplitude. Both terms scale as u,

see Fig. 2.7. In two dimensions, the two-phonon continuum is given by

Skin
2p (ω) ∝ uω3K(~ω

√
1− (~ω/2Wϕ)2/Wϕ), with K(x) the complete elliptic

function; going to higher dimensions requires numerical evaluation.

Expanding the effective Lagrangian Leff to third order in the fields σi and

ϕi provides us with the most relevant decay channel of the amplitude mode,

which turns out to involve two counter-propagating phasons, σ → ϕ+ϕ. We

find that the small (in dimensions larger than one) phase space for such a

process leaves the mode under-damped and damping even becomes irrelevant

in the limit u→ 0.

2.5 Conclusions

We have derived the limiting low-energy theories for the Bose Hubbard

model. In the range of weak interactions t � Un̄, we find the standard

Gross-Pitaevskii equation, while for large interaction tn̄� U and commensu-

rate filling n̄ ∈ N, we arrive at a nonlinear Klein-Gordon equation describing

the dynamics of the superfluid order-parameter. The Lorentz invariance of
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the latter generates an independent amplitude oscillation and we discuss this

new mode in terms of the celebrated Higgs particle known from high-energy

physics. The main focus of this chapter was then on the investigation of

the evolution of such a Higgs mode when going towards the Gross-Pitaevskii

regime. In the latter, the effectively restored Galilean invariance restricts the

low-energy excitations to the Goldstone mode. To describe this crossover in

between the critical and the Gross-Pitaevskii regime, we have derived the

quantum phase model and have shown that it is a good approximation of

the Bose Hubbard model wherever the Gross-Pitaevskii equation is not, cf.

Fig. 2.3. This renders the quantum phase model a good candidate for ana-

lyzing the Higgs mode in the intermediate region.

We have investigated the quantum phase model in a mean-field calcula-

tion based on a Gutzwiller (site-factorized) wave function of Gaussian form

and have obtained the evolution of the equilibrium order parameter ψ0. This

mean-field ansatz bridges the regime of full condensation (ψ0 ≡ 1) to the

Mott insulator where ψ0 → 0. Our approach predicts a spurious first order

transition, a deficiency due to our ansatz which is not suitable to describe

the situation very close to the Mott insulator.

On top of the variational ground state, we have formulated the collective

low-energy excitations in the form of a modulation of the phase [arg(ψ)] and

the amplitude [abs(ψ)] of the order parameter ψ by using a time-dependent

variational formalism due to Jackiw and Kerman. We have obtained the

expected sound mode (Goldstone) for the phase degree of freedom and un-

covered an additional amplitude mode (Higgs). Throughout the entire pa-

rameter regime the amplitude mode remains at finite energies. Its coupling to

the phase modes allows for a decay: within our analysis, we have encountered

an under-damped behavior for two and more dimensions, however. This is

in contrast to findings by Zwerger [85] and Sachdev [86] who found that such

a mode is only stable for dimensions higher than two. The breakdown of

our approach towards the phase boundary together with a stability analysis

by Altman and Auerbach [71], showing that the amplitude mode becomes

unstable at the transition to the Mott insulator, could resolve this issue; fur-

ther work is required here, however. The finite gap of the amplitude mode

and its stability away from the phase transition leads to the conclusion that

within the regime of the quantum phase model the Higgs mode is present

and relevant. Furthermore, we have proposed that the lattice modulation ex-

periments performed in the group of Tilman Esslinger [83], allows to couple
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The amplitude mode of strongly correlated lattice bosons

directly to this mode, paving the way for its experimental identification; un-

fortunately, the spectral resolution of current experiments does not yet allow

for a detailed analysis of this mode. Coupling to this mode in a Josephson

junction array seems difficult due to the rigidity of the coupling parameters

J and U ; on the other hand, the presence of a charge density wave in NbSe2

may give access to this mode [75, 76].

While our analysis applies to the case of commensurate filling, we expect

our results to remain valid away from this limit as the presence of the am-

plitude mode is connected with a squeezed Gaussian wave function and does

not require the presence of particle-hole symmetry. We note that the collec-

tive modes derived here can be obtained within a RPA-type calculations, see

App. A

?

?

t/U

µ
/
U

?

Figure 2.8: Evolution

of particle-hole symmet-

ric lines.

The question of how the amplitude mode

disappears eventually can be addressed by pro-

posing a phenomenological low-energy theory

with mixed temporal derivatives (first and sec-

ond order). It is easy to see that for a non-

vanishing first order term, the gap of the am-

plitude mode is pushed to higher energies. As

the results of this chapter show that the gap of

the amplitude mode remains finite in the en-

tire regime of validity of the quantum phase

model, such a first order term must remain

small throughout the intermediate interaction

regime and the amplitude modes only disap-

pears in a high energy continuum in the Gross-

Pitaevskii regime. The line of particle-hole symmetry, or in other words, the

line where the first order derivative is absent, does not end. It is an inter-

esting question how these lines evolve towards the weakly interacting limit.

Realizing, that for a weak lattice, or t/U →∞, the lattice can be absorbed in

an effective mass (within the Gross-Pitaevskii equation), the lines with pure

2nd-order dynamics cannot enter the Gross-Pitaevskii regime (with purely

1st-order dynamics) of the phase diagram and hence have to bend upwards,

cf. Fig. 2.8.
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Chapter 3

Excitations in and close to the

Mott insulator

We introduce and discuss an approximation scheme describing

strongly correlated lattice bosons in and close to the Mott insulating

state. After obtaining the ground state, the spectra, and the eigen-

states, we focus on the calculation of various linear response functions

relevant for cold atoms in optical lattices.

3.1 Introduction

The excitations of a physical system represent a vital part for the understand-

ing of its properties. They allow to describe the thermodynamic properties

and processes far from equilibrium demand a thorough understanding of the

excitation’s character as well. A satisfactory description of excitations asks

for answers to the following questions: (i) What is the physical nature of the

generic excitations, what are their energies, and (ii) how can one probe these

excitations in an experiment. For the present case of strongly correlated lat-

tice bosons described by the Bose Hubbard Hamiltonian, the first question

can be quite easily answered for the Mott insulating phase. A perturbative

picture of an additional particle (hole) on top of an otherwise homogeneously

filled lattice provides the essential low energy physics, cf. Fig. 3.1. In the

superfluid phase matters are more complicated. As we have seen in Chap. 2,

we encounter a gapped amplitude mode in addition to the expected sound

mode. A method that allows for the derivation of these modes in a unified
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Figure 3.1: (a) Sketch of the spectra for a particle and a hole above a Mott

insulator and (b) sound (Goldstone) and amplitude (Higgs) mode in the

superfluid.

approach, valid on both sides of the quantum phase transition, would be

desirable and is provided here.

The second question of how to observe these excitations represents a re-

markable experimental challenge. The high tunability and isolation of cold

atomic gases in optical traps come at the expense of the lack of simple ex-

perimental probes. So far, Bragg spectroscopy and lattice depth modulation

proved to be the most promising tools. Bragg spectroscopy corresponds to

neutron scattering in condensed matter systems and transfers momentum

and energy to the system. This allows for the measurement of the dynamic

structure factor S(q, ω) by shining two lasers at an angle onto the cloud. The

system can scatter a photon from one beam into the other, thereby receiving

the difference in momenta and energies of the two beams, cf. Fig. 3.2. In

the case of lattice-depth modulation, the tunnel coupling t between neigh-

boring wells in the optical lattice is modulated with the frequency ω. For

both probes the transferred energy is measured by extracting the heating of

the atomic cloud from time-of-flight images. We connect our results for the

excitations with these experiments by calculating the relevant linear response

functions. Before outlining the present chapter, we give an overview on the

used approximation scheme.

Our method is based on a technique previously introduced by Altman

and Auerbach [71] describing the particle-hole symmetric limit of the Bose

Hubbard model at large particle numbers n0 � 1. Here, we generalize this

approach to deal with the experimentally relevant regime of Mott insulators

with one and two particles per lattice site. The method involves a truncation

of the Hilbert space to three states per site and a spin-wave technique within
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Bragg spectroscopy Lattice-depth modulation
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Figure 3.2: (a) Bragg spectroscopy with momentum (q = k1−k2) and energy

transfer (ω = ω1−ω2). (b) In a lattice-depth modulation experiment the

optical lattice V (τ) is modulated in time, τ .

a slave-boson language to describe fluctuations above a mean-field ground

state. The truncation limits the validity of our results to a single Mott lobe

and its surrounding superfluid environment.

In the following Sec. 3.2, we introduce the variational mean-field method

outlined above. After proper truncation of the Hilbert space, we construct

the mean-field phase diagram using a variational ground state. We proceed

with the derivation of an effective Hamiltonian describing residual particle

fluctuations using a method motivated by the mapping to a spin-1 Hamilto-

nian. We diagonalize this effective Hamiltonian with the help of a generalized

Bogoliubov transformation and find the spectra in both insulating and su-

perfluid phases. Section 3.3 is devoted to the study of the response functions:

we discuss the dynamic structure factor (density-density correlations) in the

Mott phase as well as in the superfluid and compare our findings with pre-

viously obtained theoretical results. In addition to Bragg spectroscopy, we

analyze the lattice modulation technique and calculate the corresponding

response function (hopping correlator) in both phases and for varying di-

mensionality of the excitation. We summarize and conclude our work in Sec.

3.4.
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3.2 Variational mean-field

3.2 Variational mean-field

3.2.1 Method

The Bose-Hubbard Hamiltonian in a notation suitable for our approximation

scheme takes the form

HBH = −t
∑
〈i,j〉

a†iaj +
U

2

∑
i

δn2
i − δµ

∑
i

ni, (3.1)

where a†i is the bosonic creation operator for a Wannier state at site i,

ni = a†iai is the number operator and δni = ni − n0 measures deviations

of the particle number from a mean filling n0. The chemical potential δµ is

measured from the middle of the lobe (cf. Fig. 3.3).

Our goal is the determination of the dynamical properties of the Bose-

Hubbard model in the limit of strong interactions. In particular, we are inter-

ested in finding the excitation spectra and eigenstates in the Mott-insulating

as well as in the superfluid phase nearby. Note that weakly interacting the-

ories such as the Gross-Pitaevskii equation or the Bogoliubov theory cannot

capture the physics close to localization. On the other hand, strong coupling

perturbative approaches are often incapable to correctly describe the broken

U(1)-symmetry phase [87]. Altman and Auerbach [71] introduced a Hilbert

space truncation method for large filling n0 � 1, i.e., the particle-hole sym-

metric case, which we extend to low fillings where particle-hole symmetry is

broken. The basic idea is to truncate the bosonic Fock space to only three

local states. In this truncated space, we first find a variational (mean-field)

ground state and then derive an effective Hamiltonian Heff for the excitations

above this ground state.

The truncation to three local states with particle numbers n0 and n0 ± 1

is motivated by the strong suppression of particle number fluctuations in,

and close to, the Mott phase; its validity is discussed in Sec. 3.2.4, below.

We introduce bosonic operators that create ‘particles’ in the retained three

states

t†1,i|vac〉 =
(a†i )

n0+1√
(n0 + 1)!

|vac〉,

t†0,i|vac〉 =
(a†i )

n0

√
n0!

|vac〉, (3.2)
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Figure 3.3: The mean-field phase diagram of the Bose-Hubbard model in-

volves disconnected incompressible Mott-insulating phases (grey shaded ar-

eas at small hopping t) where the density is pinned at integer values n0,

and a connected superfluid phase in between and at larger values of t. The

lines δµ±c mark the second order quantum phase transition separating these

phases. The commensurate filling in the Mott lobes is exported into the su-

perfluid along the lines δµn0 (bent downward) where particle-hole symmetry

is preserved. The black dots mark the positions in phase space where the

spectra of Fig. 3.4 have been evaluated. The chemical potential difference δµ

is measured away from the lobe midpoint at t = 0.

t†−1,i|vac〉 =
(a†i )

n0−1√
(n0 − 1)!

|vac〉,

where |vac〉 denotes the state with no particles present. The original bosonic

operators ai can be expressed in terms of the tα,i-operators (α = −1, 0, 1),

a†i =
√
n0 + 1t†1,it0,i +

√
n0t

†
0,it−1,i. (3.3)

The Hilbert space spanned by the tα,i-operators is too large and the physical

subspace is obtained by imposing the constraint

1∑
α=−1

t†α,itα,i = 11. (3.4)
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The possibility to map the truncated bosonic problem to a spin-1 Hamilto-

nian motivates a strategy inspired by the spin-wave theory above a ferromag-

netic or antiferromagnetic ground state [72]: Defining the spin-1 operators

S+
i , S−i and Szi in terms of the tα,i operators via

S+
i =

√
2(t†1,it0,i + t†0,it−1,i)

S−i =
√

2(t†0,it1,i + t†−1,it0,i)

Szi = t†1,it1,i − t†−1,it−1,i with

[S+
i , S

−
i ] = 2Szi , [Szi , S

±
i ] = ±S±i , (3.5)

we can write the Bose Hubbard Hamiltonian (3.1) in the truncated space as

H spin

BH = −tn0

2

∑
〈i,j〉

S+
i S

−
j +

U

2

∑
i

(Szi )
2 − δµ

∑
i

Szi −
tn0ξ

2

∑
〈i,j〉

[
Szi S

+
i S

−
j

+ S−i S
z
i S

+
j + S−i S

z
jS

+
j + S+

i S
−
j S

z
j + ξ(Szi S

+
i S

−
j S

z
j + S+

i S
z
i S

z
jS

−
j )

]
, (3.6)

where ξ =
√

(n0 + 1)/n0 − 1 is a measure of the ‘particle-hole symmetry-

breaking’.1 We can now express the spin operators S± and Sz via Schwinger

bosons a†SB, b†SB

S+ = a†SBbSB

S− = b†SBaSB

Sz = (a†SBaSB − b†SBbSB)/2; (3.7)

the constraint a†SBaSB + b†SBbSB = 2S is used in the ordered phase to go over

to Holstein-Primakoff bosons

b†SB → b†HP

a†SB →
√

2S − b†HPbHP, (3.8)

with subsequent expansion of the square root in b†HPbHP. In order to realize

this program in the present situation, we first have to find the ground state

playing the role of the ordered state in the spin problem. In a second step,

we implement the holonomic constraint (3.4) via a procedure analogous to

the change from Schwinger to Holstein-Primakoff bosons.

1In the work of Altman and Auerbach [71], ξ was set to zero.
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3.2.2 Ground state

In order to find a proper ground state of the truncated problem we introduce

the following variational operators

b†0,i = cos(ϑ/2)t†0,i + sin(ϑ/2)[cos(χ)t†1,i + sin(χ)t†−1,i],

b†1,i = − sin(ϑ/2)t†0,i + cos(ϑ/2)[cos(χ)t†1,i + sin(χ)t†−1,i],

b†2,i = − sin(χ)t†1,i + cos(χ)t†−1,i, (3.9)

where the Gutzwiller-type ground state shall be given by

|Ψ(ϑ, χ)〉 =
∏
i

b†0,i|vac〉. (3.10)

The parameter ϑ controls the admixture of particle number fluctuations in

the ground state, whereas a deviation from integer filling is accounted for by

a nonvanishing σ = π/4− χ. As the transformation (3.9) is unitary, the bm,i
operators (m = 0, 1, 2) obey the constraint

2∑
m=0

b†m,ibm,i = 11, (3.11)

cf. (3.4). The relevant energy scale in the Mott phase is given by the inter-

action strength U . For the discussion of the phase diagram all energies are

rescaled and denoted with a bar, e.g., t̄ = t/U . Combining the Hamiltonian

(3.1) and the ansatz (3.10) provides us with the variational energy per lattice

site ε̄var(ϑ, σ) = 〈Ψ(ϑ, σ)|H̄BH|Ψ(ϑ, σ)〉/N which is given by

ε̄var(ϑ, σ) = sin(ϑ/2)2

[
1

2
− δµ̄ sin(2σ)

]
− t̄z

4
sin2(ϑ)

×
[
n0 +

√
(n0 + 1)n0 cos(2σ) +

1

2
(1 + sin(2σ))

]
, (3.12)

where z = 2d is the coordination number and N denotes the number of

sites. In the Mott-insulating phase, particle number fluctuations are absent

within a mean-field approximation and thus ϑ = 0; the parameter σ then

drops out of the variational energy ε̄var(ϑ, σ) and can be set to zero. In the

superfluid case, ϑ 6= 0 turns out to be a convenient representation of the

order parameter ψ = 〈ai〉, and hence σ is eliminated via minimization of the

variational energy (3.12) with respect to σ,

σ(ϑ) =
1

2
arctan

(
4δµ̄+ t̄z[cos(ϑ) + 1]

2t̄z[cos(ϑ) + 1]
√
n(n+ 1)

)
. (3.13)
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This allows us to write ε̄var(ϑ, σ) as a function of ϑ alone. Within a Ginzburg-

Landau treatment of the phase transition, we re-express ϑ in terms of the

superfluid order parameter parameter

ψ = 〈ai〉 =
sin(ϑ)

2
[
√
n0 + 1 cos(π/4−σ) +

√
n0 sin(π/4−σ)]

and expand the variational energy (3.12) in ψ,

ε̄var(ϑ, σ(ϑ)) ≈ ā(t̄, δµ̄)ψ2 +
b̄(t̄, δµ̄)

2
ψ4. (3.14)

The calculation of the coefficients ā(t̄, δµ̄) and b̄(t̄, δµ̄) is straightforward. The

sign change of ā(t̄, δµ̄) marks the phase boundary and the roots of ā(t̄, δµ̄) = 0

provide us with the known mean-field lobes

δµ̄±c (t̄) =
1

2

[
−t̄z ±

√
1− 2t̄z(1+2n0) + (t̄z)2

]
, (3.15)

cf. Fig. 3.3. The tip of the lobes can be found by equating δµ̄+
c = δµ̄−c ,

providing the critical hopping zt̄c = 1/(
√
n0 + 1 +

√
n0)

2. Due to particle-

hole asymmetry, the line of integer density, determined by equating σ = 0,

is bending down according to (cf. Fig. 3.3)

δµ̄n0 = −1

4
[t̄z + (

√
n0 + 1 +

√
n0)

−2]; (3.16)

we refer to this line as the particle-hole symmetric line, which starts out from

the tip of the lobe δµ̄±c (t̄c) as expected.

3.2.3 Excitations

The above determination of the ground state (3.10) has provided us with the

phase diagram of the Bose Hubbard model and allows us to proceed with

the second step of our program, the implementation of the constraint (3.11)

by going over to Holstein-Primakoff-type bosons; thereby, the operator b†0,i
plays the role of the Schwinger boson a†SB and the remaining operators b†1,i,

b†2,i generate the excitations above this ground state, as does the operator

b†HP in the spin problem. We then eliminate one slave boson (b0,i) via the

constraint

b0,i =
√

1− n1,i − n2,i, (3.17)
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Excitations in and close to the Mott insulator

where nm,i = b†m,ibm,i (m = 1, 2). Having chosen a good ‘classical’ ground

state with potentially small fluctuations, we can expand the square root in

(3.17)

b0,i =
√

1− n1,i − n2,i ≈ (1− 1
2
n1,i − 1

2
n2,i); (3.18)

the validity of the expansion will be discussed later (cf. Sec. 3.2.4).

We express the Hamiltonian (3.1) in terms of the b bosons and eliminate

the b0,i with (3.18). Collecting all terms up to quadratic order in the bm,i
provides the effective Hamiltonian

Heff = tz
∑
k∈K

~b †k


g−1

11,k g−1
12,k f−1

11,k f−1
12,k

g−1
21,k g−1

22,k f−1
21,k f−1

22,k

f−1
11,k f−1

12,k g−1
11,k g−1

12,k

f−1
21,k f−1

22,k g−1
21,k g−1

22,k

~bk = tz
∑
k∈K

~b †kHeff
~bk, (3.19)

where ~bk = (b1,k, b2,k, b
†
1,−k, b

†
2,−k)

T and K denotes the first Brillouin zone.

We have dropped a constant term to be discussed later. The coefficients of

the normal g−1
rs,k and anomalous f−1

rs,k terms are given in Appendix C.1. The

appearance of anomalous terms in the effective Hamiltonian (3.19) is analo-

gous to the situation where the corresponding spin problem is characterized

by an antiferromagnetic ground state. These anomalous terms are removed

via a Bogoliubov transformation which hybridizes creation and annihilation

operators, thereby generating a new ground state carrying particle number

fluctuations. This is in contrast to the ferromagnetic case, where the inclusion

of quantum fluctuations does not impact on the classical ground state. The

presence of the anomalous terms f−1
rs,k away from t = 0 (cf. Appendix C.1),

shows that the Mott-insulating state is ‘nonclassical’ and carries fluctuations

for all finite values of t.

The diagonalization of the effective Hamiltonian (3.19) can be achieved

via a (real) Bogoliubov transformation

M~βk = ~bk with D = MTHeffM (3.20)

diagonal, where ~βk = (βx,k, βy,k, β
†
x,−k, β

†
y,−k)

T. In the Mott phase x = p

(y= h) stands for particle and hole excitations respectively, whereas in the

superfluid phase these indices stand for sound (x= s) and massive (y=m)

modes. Those bosonic commutation relations that are not automatically

fulfilled are imposed by the additional condition

MΣMT = Σ, (3.21)
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3.2 Variational mean-field

where the matrix Σ is given by the outer product, cf. App. B.5

Σ ≡
(
~bk
~b †k

)T

−
(
~b †k

)T (
~bk

)T

= diag(1, 1,−1,−1),

reminiscent of the metric tensor in Minkowski space. The group O(2, 2),

given by all real 4×4-matrices M fulfilling (3.21), then shares many prop-

erties with the Lorentz group O(1, 3), namely its decomposition in terms of

‘boosts’ (transformations of coordinates with different signs in the metric)

and ‘rotations’ (transformations in a sector of the metric with equal signs).

It turns out that this decomposition provides a useful strategy for the di-

agonalization of Heff in the Mott phase, where the symmetries of Heff allow

for an efficient determination of the corresponding rapidities and angles. On

the other hand, in the superfluid phase, these symmetries are absent and the

diagonalization of Heff is preferably done by mapping (3.20) and (3.21) to a

non-Hermitian eigenvalue problem [88].

(I) In the Mott state (σ= 0, ϑ= 0), where no anomalous mixing terms

f−1
12,k = f−1

21,k = 0 between the b1,k and the b2,k bosons are present (see Ap-

pendix C.1), the parametrization of M in terms of boosts and rotations is

suitable. To eliminate the anomalous terms f−1
11,k and f−1

22,k one chooses a boost

in the bm,k-b
†
m,k plane; a subsequent rotation in the b1,k-b2,k plane leads to

the mean-field dispersions [89]

εp(h)(k) = ∓[ε0(k)/2 + δµ] + ω̃(k), (3.22)

where ω̃(k) =
√
U2 − Uε0(k)(4n0 + 2) + ε20(k)/2 and ε0(k) = 2t

∑d
l=1 cos(k·

al) is the bare band dispersion. Here, al denote the vectors connecting nearest

neighbors and we assume square and/or cubic symmetry, a = |al|. The

dispersions shown in Figs. 3.4(a) and (c) characterize two modes, describing

particle and hole type excitations, both with nonvanishing gaps ∆p(h) =

εp(h)(0), cf. Fig. 3.5. In the Mott phase, the relation between the tα,k and

the bm,k operators is trivial and the rotation in the b1,k-b2,k plane takes us

back to the tα,k operators. We therefore write the eigenstates in terms of the

latter,

β†p,k = A(k)t†1,k +B(k)t−1,−k, (3.23)

β†h,k = −A(k)t†−1,k −B(k)t1,−k, (3.24)

with

A(k) = cosh(arctanh(f−1

11,k/g
−1

11,k)/2), (3.25)

B(k) = sinh(arctanh(f−1

11,k/g
−1

11,k)/2), (3.26)

48



Excitations in and close to the Mott insulator
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Figure 3.4: The panels (a)-(d) show the spectra for different points in the

phase diagram (cf. Fig. 3.3) in the n0 = 1 lobe. We display the results for

the two-dimensional case with the dispersion along the direction kx. Panel

(a) and (c) refer to the Mott phase, with the full line corresponding to the

particle branch and the dashed line to the hole branch. (a) t = tc/3; black

lines display dispersions on the line δµn0 , gray lines correspond to δµ = 0.2U

(c) t = 0.9 tc and δµ = δµn0 . Panels (b) and (d) refer to the superfluid phase

with sound- and massive modes given by dashed and dash-dotted lines, re-

spectively. (b) t = 1.5 tc; black and gray lines refer to the chemical potentials

δµ = δµn0 and δµ = 0.2U . (d) t = 1.2 tc closer to the transition and with

δµ = δµn0 .

where we have used the relations g−1
11,k = g−1

22,k and f−1
11,k = −f−1

22,k, which apply

for the Mott phase (cf. Appendix C.1).

(II) In the superfluid phase, the coefficients f−1
12,k do not vanish and fur-

thermore, f−1
11,k 6= −f−1

22,k. The presence of such terms renders a diagonalization

via a parametrization of M as in the Mott state impractical. We therefore

resort to the mapping onto a non-Hermitian eigenvalue problem [88]. The

constraint (3.21) written as MT = ΣM−1Σ and inserted into Eq. (3.20) yields

M−1ΣHeffM = ΣD. (3.27)

The problem of finding a matrix M ∈ O(2, 2) diagonalizing Heff is now shifted

to the problem of diagonalizing the non-Hermitian matrix ΣHeff . The matrix
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3.2 Variational mean-field
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Figure 3.5: Gap values ∆p, ∆h, ∆m and the sound velocity vs for t ∈ [0, 2tc]

and δµ = δµn0 and δµ = 0.2U . The value t ≈ 0.719 tc corresponds to the

phase boundary for δµ = 0.2U (cf. Fig. 3.3).

M then is obtained from the eigenvectors {ṽ} of ΣHeff via their proper nor-

malization (with respect to Σ): let M̃ be the matrix with columns {ṽ}; then

M ∈ O(2, 2) is given by

M = LM̃ where L = diag(l1, l2, l3, l4), (3.28)

with

l−2
α =

(
M̃ΣM̃T

)
αα

(3.29)

(note that M̃ΣM̃T is diagonal, i.e., the eigenvectors {ṽ} are automatically

orthogonal with respect to the metric Σ). After diagonalization the effective

Hamiltonian reads

Heff =
∑
k∈K

εs(k)β†s,kβs,k + εm(k)β†m,kβm,k − Cδµ
t,U . (3.30)

The optimization of the constant Cδµ
t,U leads to a renormalization of ϑ and σ

and is discussed below. The eigenvalues εs(m)(k) can be calculated analyti-

cally (cf. Figs. 3.4(b) and (d)) and we find a sound (Goldstone) mode, which

is linearly dispersing for k → 0 with sound velocity vs = ∂kεs(k=0)/~ and

a massive (Higgs) mode with a gap ∆m = εm(0), cf. Figs. 3.4(e) and (f).2

2To further characterize the excitations one can consider coherent states of sound
[|Bs,q〉] and massive modes [|Bm,q〉], respectively,

|Bs(m),q〉 = e−|Bs(m),q|2/2e
Bs(m),qβ†

s(m),q |0〉, (3.31)

where |0〉 denotes the vacuum with respect to the βs(m),qoperators (i.e., the new ground
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Excitations in and close to the Mott insulator

Note the vanishing of the particle- and hole gaps in the Mott insulator and

subsequent resurrection of the gap in the massive mode along the particle-

hole symmetric line in the superfluid phase; for δµ > δµn0 the hole gap in

the Mott insulator transforms into the gap of the Higgs mode. The complete

expressions for the dispersions of the sound and massive modes turn out to be

lengthy and are given in Appendix C.1. Appendix B is devoted to a detailed

study of matrices of the form appearing here.

The eigenvectors can be calculated analytically as well, cf. App. B. How-

ever, for our purpose the numerical solution of (3.27) is preferable. Hermitic-

ity allows us to write the transformation M in the form

M(k) =

(
N(k) P(k)

P(−k) N(−k)

)
; (3.32)

in addition, inversion symmetry renders the elements of the 2×2 matrices

N(k) and P(k) independent of the sign of k and we can write

b†1,k = N11(k)β†m,k + N12(k)β†s,k

+P11(k)βm,−k + P12(k)βs,−k, (3.33)

b†2,k = N21(k)β†m,k + N22(k)β†s,k

+P21(k)βm,−k + P22(k)βs,−k. (3.34)

The matrices N(k) and P(k) are calculated numerically and all quantities of

interest, e.g., response functions, are given in terms of Nij(k) and Pij(k).

The constant term

Cδµ
t,U = tz

∑
k∈K

g−1

22,k + g−1

11,k − (εs(k) + εm(k))/2 (3.35)

needs further discussion. The shift can be interpreted as a fluctuation-

induced reduction of the ground-state energy. In order to arrive at a self-

consistent description, the parameters ϑ and σ have to be determined by the

new condition that the energy shift Cδµ
t,U is maximal. This corresponds to find-

ing a new density and superfluid density for a given set of parameters t, U, δµ.

state) and Bs(m),q = |Bs(m),q| exp[iδs(m),q] are complex numbers characterizing the co-
herent states. By looking at the expectation values of the density operator ρi =
〈Bs(m),q|a†iai|Bs(m),q〉 and the order parameter ψi = 〈Bs(m),q|ai|Bs(m),q〉, one recognizes
the two collective modes of the strongly correlated lattice superfluid discussed in the last
Chap. 2.
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3.2 Variational mean-field

Only if ϑ and σ are renormalized with respect to their mean-field values do we

obtain a gapless sound mode, as demanded for the broken-symmetry phase.

In the Mott phase, Cδµ
t,U is not vanishing, but has its maximum again at

ϑ = σ = 0, thus generating no renormalization.

3.2.4 Validity and expectation values

The above method involves two approximations. First, the truncation of the

Hilbert space: The quality of the truncation is expected to be acceptable

in the Mott-insulating state and in the superfluid phase nearby, and turns

bad in the weakly interacting limit. The quality of the approximation can

be checked through comparison with experimental and numerical results,

e.g., through testing the local number fluctuations. The latter have been

measured [38] and found to be suppressed due to strong interactions, at least

in the vicinity of the Mott phase. The data is consistent with subpoissonian

number statistics as predicted in Ref. [90] and supports the validity of the

truncation to three local states [71]. The technique allows for systematic

improvement by the inclusion of further local states [91].

Second, while the expansion of the constraint (3.18) is not a priori valid,

we can check its quality via the (a posteriori) calculation of the ground state

expectation values 〈b†m,ibm,i〉: we have found values in the range from 0.18

(t̄ → ∞) to 0.21 (t̄ = t̄c); fluctuations are largest at the phase transition

and go to zero in the Mott phase at t̄ → 0 for n0 = 1, which justifies our

expansion in (3.18).

The calculation of matrix elements involves both states and the physical

operator in question: so far, we have calculated the spectrum within the

truncated Hilbert space, providing us with eigenvalues and eigenvectors of

Heff . In addition, we need to express the operators in the eigenbasis gener-

ated by the β operators. The specific step of replacing ‘Schwinger bosons’

by ‘Holstein-Primakoff’ type operators involves the elimination of all b0,i
operators. Depending on the physical quantity under consideration, its ex-

pression through the β operators may or may not involve an expansion of

the square root (3.18); in particular, the operators involving only b1,i, b2,i,

and n0,i = b†0,1b0,1 (e.g., the density operator in the Mott-insulating phase)

can be transformed without requiring such an expansion. Otherwise, an ad-

ditional imprecision has to be accepted due to the square root expansion of

the constraint.
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Excitations in and close to the Mott insulator

3.3 Response functions

While cold atoms in optical lattices excel in their tunability, they do suffer

from a limited number of tools available for their characterization. In fact,

so far only two experimental techniques are being used to determine the dy-

namical properties of cold atoms in an optical lattice, Bragg spectroscopy

[56] and lattice modulation [57]. In Bragg spectroscopy, two laser beams are

focused on the system at an angle, leading to an inelastic two-photon scat-

tering process. The system’s response is described by the dynamic structure

factor (density correlator)

S(q, ω) =
∑
n

|〈n|δρ−q|0〉|2 δ(~ω − ~ωn0), (3.36)

where δρq is the density-fluctuation operator. The sum in (3.36) is running

over all eigenstates |n〉 of the system with |0〉 denoting the ground state and

~ωn0 the excitation energy associated with |n〉. This method provides angle-

resolved information on the system, a feature which, however, turns out to be

responsible for the method’s limitation in actual experiments, as the optical

access to the atom cloud is usually restricted.

In the lattice modulation technique, recently introduced by Stöferle et al.,

the depth of the optical lattice is modulated with a frequency ω, introducing

side bands in the laser forming the optical lattice. Within the framework

of the Bose-Hubbard model (3.1), the lattice modulation corresponds to a

modulation in the hopping parameter t; the determination of the energy

transfer can be calculated in linear response theory and boils down to a

calculation of the hopping correlator

Skin

(x)(ω) =
∑
n

∣∣〈n|T(x)|0〉
∣∣2 δ(~ω − ~ωn0), (3.37)

with T(x) =
∑

〈i,j〉(x)
a†iaj the hopping operator (the index x refers to a re-

striction of the modulation along one direction, here the x axis). The energy

absorption rate then is proportional to ωS(q, ω) and ωSkin

(x)(ω), respectively.

In order to evaluate the response functions (3.36) and (3.37) we have to ex-

press the operators δρq and T(x) in terms of the β bosons, involving a first

transformation to b bosons and subsequent elimination of b0,i, cf. Sec. 3.2.4.

We first concentrate on Bragg spectroscopy in the Mott and superfluid

phases. In the Mott phase, where the local density is pinned to an inte-

ger value in the ground state, we expect to excite a particle-hole continuum
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3.3 Response functions

spread in energy as described by the bandwidth of these two-particle excita-

tions. Surprisingly, we find pronounced peaks within this continuum which

we can relate to the single-mode excitations ∆h(p)+εp(h)(k). In the superfluid

phase one expects single-mode excitations, as breaking the U(1) symmetry

is leading to collective excitations, and their weights will be determined.

Second, we proceed with the calculation of the hopping correlator Skin

(x)(ω)

in both the Mott-insulating and the superfluid phase. Again we find a con-

tinuum in the insulating phase. In the superfluid phase we do not expect to

pump energy into the sound mode, as no momentum is transferred with this

probe (up to a reciprocal lattice vector). A signal at finite frequency will

then give direct access to the massive mode.

3.3.1 Structure factor in the Mott phase

We make use of the eigenstates obtained within the variational mean-field

approach to calculate the dynamic structure factor (3.36) in the Mott phase.

In the truncated space the density-fluctuation operator

δρq =
∑
i

(a†iai − 〈a
†
iai〉)e−iq·ri (3.38)

takes the form

δρq =
∑
k∈K

t†1,kt1,k+q − t†−1,kt−1,k+q, (3.39)

where we have used the exact constraint (3.11) to eliminate t0,i (= b0,i in the

Mott phase). Going over to β operators we obtain

δρq =
∑
k∈K

A(k)B(k + q)
[
β†p,kβ

†
h,−(k+q) − β†h,kβ

†
p,−(k+q)

]
and inserting this expression into the formula for the dynamic structure factor

yields

S(q, ω) =
1

2

∫
K

dk

v0

P (k,q)δ[~ω − εh(k)− εp(q− k)], (3.40)

with v0 = (2π/a)d the volume of the Brillouin zone. The matrix element

P (k,q) quantifies the coupling of each particle-hole excitation to the density

perturbation and is given by

P (k,q) =
ε0(k)ε0(q− k) + U2 − U(2n0 + 1)[ε0(k) + ε0(q− k)]

4ω̃(k)ω̃(q− k)
− 1. (3.41)
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Excitations in and close to the Mott insulator

The dynamic structure factor (3.40) is closely related to the two-particle

density of states (2DOS) given by

D(q, ω) =

∫
K

dk

v0

δ[~ω − εh(k)− εp(q− k)]. (3.42)

They share the same bandwidth as well as the characteristic total gap of the

insulating state

∆tot = ∆p + ∆h =
√
U2 − 2tzU(2n0+1) + (tz)2. (3.43)

Moreover, the van Hove singularities present in the 2DOS influence the re-

sponse function, see Fig. 3.6(b).

In our discussion of the results, see Figs. 3.6(a) and (b), we concentrate

on the two-dimensional situation where our mean-field analysis is sufficiently

accurate.3 In the Mott phase, particle-hole excitations lead to a contin-

uum, starting with a finite gap ∆tot at zero momentum q. The bandwidth

decreases with increasing momentum transfer following the support of the

2DOS and reaches a minimum at the zone boundary, see Fig. 3.6(a). Figure

3.6(b) shows the 2DOS D(q, ω) as well as S(q, ω) at q = (0.9π/a)ex: The

van Hove singularities in the 2DOS are washed out in the response function

which is dominated by the matrix element P (k,q). The latter generates the

two pronounced peaks in S(q, ω) which we find (numerically) to be located

at ∆p + εh(qx) and ∆h + εp(qx). Hence, although Bragg spectroscopy gener-

ically excites a two-particle continuum, tracing these peaks allows for the

extraction of the single-particle energies. These peaks are most prominent

near the zone boundary and can be enhanced at small values of qx by divid-

ing out a global modulation of the form [1−cos(qx/a)] (cf. Appendix C.2)

from S(q, ω). Furthermore, the peaks disappear deeper in the Mott phase

where the excitations are more localized. We note that by expanding the

integral (3.40) in t/U , we recover the results of the perturbative treatment

(see Appendix C.2), hence the quadratic expansion of the constraint (3.11)

is consistent with second-order perturbation theory; however, the two results

are comparable only for t . 10−2tc.

3The integral (3.40) is calculated numerically by determining lines of constant energy
~ω and integrating P (q,k) along these lines. The extension to three dimensions is straight-
forward and can be efficiently done via a determination of constant energy surfaces using
Monte-Carlo sampling.
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Figure 3.6: (a) Density plot of the dynamic structure factor S(q, ω) in the

Mott phase along qx for t = 0.9tc. The pronounced structure allows for

the identification of single-mode excitations. (b) Cut along the ω direction

at qx = 0.9π/a. The dynamic structure factor (solid line) exhibits marked

peaks at the single-mode energies; the dotted line shows the 2DOS exhibiting

van Hove singularities. (c) Single-mode weights of dynamic structure factor

S(q, ω) in the superfluid phase at t=1.2tc and δµ=δµn0 .

3.3.2 Structure factor in the superfluid phase

In the superfluid phase, the expression for the density fluctuation operator

(3.39) written in terms of the b bosons contains b0,i operators, which have

to be removed via an expansion of the square root (3.18), leading to terms

linear in the operators b†m,k as well as higher-order terms. Going over to β

operators we obtain the expression

δρq = sin(ϑ/2)
{

[P21(q) + N21(q)]β†m,q + [P22(q) + N22(q)]β†s,q

}
+O(β2).

(3.44)

Accounting only for terms up to first order, we ignore two- and multiparticle

excitations and we cannot expect to fulfill the f -sum rule exactly, see the

discussion in Sec. 3.3.3 below. Inserting (3.44) into the expression for the
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Excitations in and close to the Mott insulator

dynamic structure factor yields

S(1)(q, ω) = N sin2(ϑ/2)

[
S̃2(q)δ(~ω−εs(q))+M̃2(q)δ(~ω−εm(q))

]
; (3.45)

this result reveals the two collective modes (3.30) characterizing the super-

fluid phase. Their weights are given by M̃(q) = P21(q)+ N21(q) for the

massive mode and S̃(q)=P22(q)+N22(q) for the sound mode and are shown

in Fig. 3.6(c). The sound mode is dominating the response at low momenta,

with the massive mode acquiring weight only for higher momenta, where the

sound mode saturates; in fact, numerical analysis confirms ∝ q4 dependence

of M̃2(q) at small q.

Besides the single mode contribution, δρq also yields two-particle continua

involving the excitations |m,k; s,q− k〉, |m,k;m,q− k〉 and |s,k; s,q− k〉.
Their weight is about three orders of magnitude smaller than the single-

particle contribution, however.

3.3.3 Particle-number conservation

The dynamic structure factor is constrained by several sum rules deriving

from conservation laws. Gauge symmetry and thus particle-number conser-

vation is leading to the well known f -sum rule∫ ∞

0

dω ωS(q, ω) =
Nq2

2m
, (3.46)

which is modified in a one-band lattice description. The broken translational

symmetry is leading to a nonquadratic dispersion, which can be characterized

by a k-dependent effective mass tensor ~2/m∗
ij(k) = ∂ki

∂kj
ε0(k). The f -sum

rule [92, 93] adapted to the presence of a lattice then takes the form∫ ∞

0

dω ωS(q, ω) =
1

2~2

∑
k∈K

{ε0(k + q) + ε0(k− q)− 2ε0(k)}〈0|a†kak|0〉

(3.47)

q→0
≈
∑
ij

qiqj
2

∑
k∈K

〈0|a†kak|0〉
m∗
ij(k)

(
=
Nq2

2m
for

1

m∗
ij(k)

≡ 1

m
δij

)
.

Unlike in translation-invariant systems the structure of the ground state en-

ters the f -sum rule via the nonuniversal prefactor

Iij(t/U) =
∑
k∈K

〈0|a†kak|0〉
m∗
ij(k)

. (3.48)
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The expression (3.47) predicts ∝ q2 behavior at small q, which is trivially

fulfilled in the superfluid phase (combine the weight S̃2 ∝ q, see Fig. 3.6(c),

with the linear dispersion of the sound mode; the ∝ q4 dependence of M̃2

does not contribute at small q) and can be easily verified in the Mott phase

via expansion of the matrix element P (k,q),

P (q,k) = P (2)(k)q2 +O(q4).

Unfortunately, our scheme does not allow for a precise calculation of the pref-

actor (3.48) and hence an exact self-consistency check (via particle-number

conservation) of our result is not possible.

The issue of number conservation has been raised in the work of van

Oosten et al. [94]. Their field-theoretic calculation of the structure factor did

not reproduce the required q2 behavior, which then has been enforced through

the use of Ward identities. However, it appears that the Green’s function

[89] G(iωn,k) used in this calculation already violates number conservation

in the Mott phase, i.e.

ρi = 〈ni〉 =
1

β

∑
iωn

∫
K

dk

v0

G(iωn,k) 6= n0.

The application of Ward identities, although guaranteeing number conserva-

tion, generates other defects in the structure factor, e.g., the appearance of

linear terms in t spoiling the t→−t symmetry present in bipartite lattice

models.

3.3.4 Lattice modulation in the Mott phase

The lattice-depth modulation is a particle-number conserving probe and

hence produces only particle-hole excitations. While the lattice modulation

has been uniaxial so far [57], here, we also discuss its extension to an isotropic

modulation (we discuss the case of equal modulation amplitudes but allow

for mutual phase-differences between the various directions). Expanding the

constraint to second (i.e., leading) order, we obtain the response function4

Skin

(x)(ω) =
1

2

∫
K

dk

v0

P kin

(x)(k)δ[~ω − εh(k)− εp(−k)], (3.49)

4For an isotropic lattice modulation, the expansion of the constraint can be avoided as
the operator T can be expressed as the difference between H and local terms.

58



Excitations in and close to the Mott insulator

0.2

isotropic

0.2 1 1.4 0.8 1 1.2

axial

(c)

0.6

S
k
in

x
(ω

)
[a

.u
.]

S
k
in

(x
)
(ω

)
[a

.u
.]

(b)

(a)

0.2

h̄ω [U ]h̄ω [U ]0

h̄ω [U ]

0

∆m [U ]

0.6

0.2

∆
to

t

∆
δ
µ

n
0

m

∆
to

t

-0.4 0δµ [U ]

Figure 3.7: (a) Hopping correlator Skin
x (ω) in the superfluid phase for t =

1.2tc and n0 = 1 for a parabolic trap and commensurate filling in the center

(in a homogeneous system the response is nonzero only at ω = ∆m). The

inset shows the gap ∆m of the massive mode as a function of the chemical

potential with a minimum at commensurate filling δµ = δµn0 . The triangles

are the calculated gap values and the solid line is a fit used in the calculation

of Skin
x (ω) in a trap. (b) Skin

(x)(x) in the Mott phase at t = tc/3. The response

consists of a particle-hole continuum with a gap ∆tot. The striking difference

between the uniaxial [Skin
x (ω), solid line] and the isotropic [Skin(ω), dashed

line] situation is due to interference effects. (c) The same as in (d) for t =

0.9tc, where the gap ∆tot is larger and the available bandwidth smaller.

with

P kin

(x)(k) = 2n0(n0 + 1)|Σ(x)(k)|2
[
U

ω̃(k)

]2

. (3.50)

The interference generated by the different lattice modulations is encoded

in the sum

Σ(k) = 2
d∑
l=1

eiφl cos(k · al); (3.51)

for the uniaxial modulation this reduces to

Σx(k) = 2 cos(k · ax). (3.52)
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The relative phase φl between the different lattice modulations can lead to

interesting interference effects, see below.

In Figs. 3.7(b) and (c) the results for isotropic and uniaxial lattice mod-

ulation are shown for φl = 0 and d = 2. The bandwidth is determined by

the 2DOS (3.42) at zero momentum transfer q. Energy is transferred to the

system only at frequencies ω above the gap ∆tot/~, offering a simple way to

determine the gap value. A dramatic change is obtained when going from

the uniaxial to the isotropic modulation: the cusp at ~ω=U disappears and

is replaced by a zero in the absorption probability. As the matrix element

P kin(k) is non-negative, the response (3.49) only disappears if P kin(k) ≡ 0 for

all k-values on the line defined by the δ-function in the integral (3.49). At

nonzero φl, a finite weight is assembled away from the points (±π/2,±π/2),

leading to a finite response at ω = U . However, for φl � π an appreciable

suppression is still observable.

The result (3.49) obtained here has to be compared with the one ob-

tained by Iucci and coworkers [95]: in their perturbative calculation the

factor [U/ω̃(k)]2 does not show up. Instead, the Bogoliubov transformation

used here is equivalent to a resummation of diagrams and leads to this factor

generating the interesting structure in the response function (3.49).

Comparing our result with the experiment of Stöferle et al. [57] we have to

consider the uniaxial case, i.e., Skin
x (ω). While Stöferle et al. observe a broad

two-peak structure with maxima around U and 2U , the present calculation

does not account for high-energy excitations residing around 2U . On the

other hand, the current experimental resolution does not allow to trace the

interesting structure on the scale of the bandwidth, see Figs. 3.7(b) and (c).

Thus, both theory and experiment have to be developed further in order to

allow for a precise comparison. Furthermore, it is worth mentioning that the

current experiment may rather probe a non-linear response [96].

3.3.5 Lattice modulation in the superfluid phase

In the superfluid phase (with an order parameter |ψ| > 0), the expansion of

the constraint again provides terms linear in the β operators and we obtain

single mode peaks in the hopping correlator Skin
x at ~ω = 0 and ~ω = ∆m

due to sound and massive excitations, respectively. Energy absorption is

due to the excitation of the massive mode only and its weight Wmass ∝ |ψ|2
is given in Appendix C.1. In addition, we also find a two-mode continuum
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(dominated by processes |s,k;m,−k〉) with a weight suppressed by more

than three orders of magnitude in the entire parameter range.

In a trap, the sharp peak at ∆m will be smeared due to the inhomo-

geneous density distribution. [Note that in the Mott phase, the response

is not changed by the trap as both excitation energies εh(k) + εp(q − k)

(3.22) and the matrix elements P (k,q) and P kin

(x)(k) are independent of δµ].

The onset of absorption is determined by the minimal gap ∆min
m which oc-

curs on the particle-hole symmetric line δµ = δµn0 and the shape of the

absorption profile depends on the distribution of effective chemical poten-

tials µeff(r) = µ − Vtrap(r) in the trap. Here, we analyze the shape for a

quadratic trap with µeff(0) = δµn0 for a superfluid close to the Mott phase,

t= 1.2tc. The dependence of the gap ∆m on the chemical potential δµ can

be calculated, see the inset of Fig. 3.7(a), and a convenient fit is given by

∆m−∆min
m =w(δµ−δµn0)

2 with w ≈ 2.06U−1. The hopping correlator then

draws its weight at frequency ω from rings matching the local gap energy

∆m(r),

Skin

x (ω) =
1

πR2

∫ R

0

dr 2πrWmassδ[~ω −∆m(r)] ∝ Re

[
1√

~ω −∆min
m

]
(3.53)

The resulting tail then resembles the broad absorption profile observed in the

experiment of Stöferle et al. [57, 83] Note that the precise shape depends on

the actual density distribution in the trap; in particular, the divergence at

∆min
m is removed when µeff(0) 6= δµn0 . Another potential source of broadening

is the finite lifetime of the massive mode due to the decay into two phonons as

considered by Altman and Auerbach in Ref. [71]. However, in two and more

dimensions the effect of the trap dominates over the lifetime broadening.

3.4 Summary and conclusions

We have generalized the truncation scheme, introduced by Altman and Auer-

bach [71] to deal with the Bose-Hubbard model in the particle-hole symmet-

ric limit (large particle numbers n0 � 1), to the experimentally relevant

situation of small filling numbers n0 of order unity. The determination of ex-

citations consisting of small fluctuations about a variational ground state is

inspired by the Holstein-Primakoff description of quantum-spin systems and

corresponds to the determination of spin-wave excitations above an antiferro-
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magnetic ground state.5 We have determined the mean-field phase diagram

as well as the spectra and eigenstates in the Mott-insulator and superfluid

phases. These results then have been applied to the calculation of two re-

sponse functions, the structure factor (density correlator) describing Bragg

spectroscopy and the hopping correlator describing the lattice-modulation

spectroscopy.

A mean-field variational ansatz provides us with the usual phase diagram

valid in dimensions d ≥ 2. The inclusion of two additional levels allows

us to account for particle and hole-type excitations in the Mott phase and

we determine, using a Bogoliubov transformation, the dispersions of the two

gapped modes; at the same time, the Bogoliubov transformation introduces a

new ground state carrying particle-hole fluctuations. In the superfluid phase,

we find a sound (Goldstone) and a massive (Higgs) mode and we determine

the characteristic velocity and gap parameters. The massive mode describes

a local counterflow of condensate and normal densities; this mode is absent in

a Gross-Pitaevskii description where the dynamics involves a first-order time

derivative, but is allowed in a Klein-Gordon type theory with a second-order

dynamics. The presence of the latter is due to the underlying Mott physics

providing ‘particles’ and ‘anti-particles’ (holes) and has been shown to be

relevant in the Mott-insulator–superfluid transition in Chap. 2 (an additional

first-order derivative is present away from the particle-hole symmetric line).

A similar (massive) mode was found for the charge-density-wave compound

NbSe2 below the superconducting transition temperature [75, 76].

In the Mott phase, Bragg spectroscopy excites a particle-hole continuum

and provides information on the gap and bandwidth of these two-particle

excitations. To our surprise, we find that the structure factor unveils the

single-particle excitation energies as well. In the superfluid phase, collective

modes (sound and massive) are excited and visible as sharp peaks (to be

smeared in a trap); the massive mode gains weight only at large momenta.

The transition can be traced watching the appearance of a gap when crossing

from the superfluid into the Mott-insulating phase.

The lattice-modulation scheme [57] is presently the tool of choice to gain

spectroscopic information on atomic matter in optical lattices. Our calcu-

5The method of Dyson and Maleev [97, 98], which is known to give better approxima-
tions for spin-waves in ferromagnets than the Holstein-Primakoff approach, is not appli-
cable in our case due to the lack of the small parameter 1/S, where S is the magnitude of
the spin.
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lation of the hopping correlator providing the system’s response reveals a

two-particle continuum in the Mott phase which is sensitive to the details

of the excitation scheme, uniaxial versus isotropic. The response in the su-

perfluid is determined by the massive mode which appears as a sharp peak

at finite frequencies. In order to better account for the experimental results

we have extended our analysis to include the smearing due to the trap and

find that the precise shape depends sensitively on the value of the chemical

potential in the trap center. The experimental detection of such an energy

absorption at finite frequency cannot be easily understood within a weakly

interacting theory as described by the Gross-Pitaevskii equation. On the

other hand, our strongly interacting theory provides a massive (Higgs) mode

which naturally accounts for such a finite frequency absorption.
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Chapter 4

On the heat conductivity of a

hot wedding cake

Harmonically trapped lattice bosons exhibit a superfluid-Mott insula-

tor heterostructure in the form of a “wedding cake”. We discuss the

mesoscopic nature of such a system within a one dimensional model

and calculate the heat conductivity across a Mott insulating barrier.

4.1 Introduction

Cold bosonic gases subjected to an optical lattice are known to give rise

to an almost perfect implementation of the Bose Hubbard model of inter-

acting lattice bosons [21]. This is a consequence of their short range, i.e.,

onsite, interactions, nearest-neighbor hopping and the absence of inter-band

transitions, at least for sufficiently deep lattice potentials, cf. Chap. 1. Ad-

ditionally, on the timescale of the experiment the system is almost perfectly

decoupled from any environmental degree of freedom. All these aspects make

cold atoms a perfect testbed for probing lattice Hamiltonians relevant to con-

densed matter physics [37].

There is one feature, however, of optical lattice systems which differs con-

siderably from the typical solid-state setup: Cold atoms experience almost

always an inhomogeneous potential, usually given by a harmonic confine-

ment. Inferring bulk properties can therefore be considerably hampered by

finite size effects [33, 48]. New effects that have no counterpart in solid-state
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Figure 4.1: (a) The bulk phase diagram of the Bose Hubbard model with a

cut along the µ-axis given by the local density approximation in a harmonic

trap. The positions r0, . . . , re correspond to the center of the trap and the

change in the local phases, respectively. (b) “Wedding cake” structure of the

density profile of harmonically trapped [V (ri)] lattice bosons. The points

ru, rl, and re mark the boundaries between the superfluid and the Mott

insulator at the upper and lower phase boundary and the edge of the cloud,

respectively. The terminology “upper” and “lower” stems from the bulk

phase diagram.

physics may occur due to this confinement; the “wedding cake” structure of

strongly correlated lattice bosons being the most prominent example [52, 53,

99–101]. This structure, composed of alternating shells of Mott insulators

with different fillings and intermediate superfluid regions, cf. Fig. 4.1(b),

can be understood with the help of a local density approximation (LDA).

In a LDA approach, one infers the local “phase” at different positions in

the trap, cf. Fig. 4.1(b), via an identification of a local chemical potential

δµi ≡ δµ − V (ri) and a mapping of the position in the trap to the cor-

responding point in the bulk phase diagram of Fig. 4.1(a). In the case of

harmonically trapped lattice bosons, this corresponds to a cut through the

phase diagram along the µ-axis, leading to the mentioned “wedding cake”

structure of alternating superfluid and Mott insulating shells.

To characterize the superfluids adjacent to the insulating layer, we recall

the basic properties of the Mott physics. Within the incompressible Mott

insulating phases, the density stays constant under a change in the chemical

(external) potential and the excitations, given by an extra particle (an extra
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hole), are gapped. The chemical potential, however, shifts the two branches

in energy. While for an increasing chemical potential, the particle branch

is shifted downwards, the hole branch is pushed towards higher energies, cf.

Eq. 3.22. This leads to the following interpretation of the superfluids close

to the Mott insulator: At the upper (large chemical potential) boundary, the

particle branch becomes gapless and the ground state incorporates particle

fluctuations. We therefore refer to this phase as SFp. At the lower boundary

the hole fluctuations are getting admixed to the ground state and we use SFh

to describe this superfluid phase. Therefore, the outer wings in Fig. 4.1(b)

correspond to SFh, while the central region is a superfluid of particle type –

SFp.

The aforementioned heterostructure immediately gives rise to a meso-

scopic setup where interfaces and finite-size effects play an important role.

While the atomic system may be in a one, two or three dimensional geome-

try, the interfaces in a harmonic trap are to a good approximation circularly

(spherically) symmetric. We can therefore restrict our considerations to one,

the radial, dimension. In this case, the description of the processes across

the interfaces in the “wedding cake” heterostructure can be given in terms

of transfer matrices. From this formalism, we can extract scattering proper-

ties like transmission (τ) and reflection (r) coefficients, connecting different

regions in the trap.

The description in terms of a mesoscopic language provides a natural

framework to address questions of finite temperatures, heating or entropy

redistribution in the trap, as has been recently discussed by several authors

[44, 45, 102, 103]. To illustrate the possibilities our approach offers, we in-

vestigate the question of how heat is transported through a Mott insulating

layer in the “wedding cake” structure. The calculation of the heat conduc-

tivity κ can give insight into thermalization problems when ramping up the

lattice potential [45], and shows to what extent two superfluid shells are in

thermal contact through the Mott layer. To calculate κ, we consider the heat

current [104]

QE =
∑
α,β

∫
dεNα(ε)vβ(ε)εg(ε, T )|ταβ|2, (4.1)

where the sum is running over input (α) and output (β) channels. We inte-

grate over all energies ε, Nα(ε) is the density of states in the input channels,

vβ(ε) the velocity associated with the excitations at energy ε in the out-

put channels. The Bose-Einstein distribution g(ε, T ) = (exp(ε/kBT ) − 1)−1
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Figure 4.2: Starting from the microscopic Bose Hubbard model (a) [filled

dots denote bosons on a site and empty dots stand for unoccupied states]

we use a truncation method and a mapping to a spin-1 problem to arrive

at the spinor wave function used to describe interfaces via a transfer matrix

formalism in (b) and inhomogeneities with a WKB method in (c). See text

for details.

controls the occupation of the bosonic modes and ταβ are the transmission

amplitudes connecting input and output channels. In our description, we

only take scattering at the boundaries and effects of inhomogeneities of the

confinement into account. Quasi-particle interaction could give rise to ad-

ditional scattering. The analysis of such an interaction induced scattering

shows, however, that interaction at zero temperature does not lead to con-

siderable scattering in a disorder-free Mott layer, cf. [105, 106]. We therefore

neglect this contribution.

Before we proceed with an outline of the present chapter, we mention the

main concepts used for the theoretical description of the heterostructure in
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the trap, see Fig. 4.2. We derive the excitations in the different phases within

a method based on a mapping to a spin-1 problem and subsequent spin-wave

analysis. To describe the inhomogeneities we go over to a first quantized

description that allows us to implement the interfaces by matching the wave

functions and their derivatives. The spatially varying potential within one

phase, i.e., a superfluid or a Mott shell, can be accounted for by applying a

quasi-classical Wentzel-Kramer-Brillouin approximation (WKB). The many-

body aspect of the underlying problem imposes a spinor structure for the

wave function. This can be understood from the fact that the effective spin-1

problem, arising after truncation, is locally three dimensional; the ground-

state takes one degree of freedom, while excited states account for the two

remaining ones, see Chap. 3. The effective Hamiltonian contains anomalous

terms, which are removed by a Bogoliubov transformation, hence the spinor

describing the wave functions of the generic excitations is 4 dimensional, cf.

Fig. 4.2.

This situation is known from the Bogoliubov-de Gennes equations for the

BCS Hamiltonian. There, the hybridization of particles [c†k,↑] and holes [c−k,↓]

demands for a spinor structure and the function uk (vk) corresponds to the

weight of the wave function in the particle (hole) channel

ψ(x) = eik·x
{
uk

vk

}
. (4.2)

From the treatment of the Bogoliubov-de Gennes equation it is known that

there is a freedom to label the physical eigenstates, either in terms of their

spin-degrees of freedom, or using positive and negative energy eigenstates at

fixed spin, cf. Ref. [107]. The role of the spin inversion symmetry of the

Bogoliubov-de Gennes problem, which allows for this classification, is played

by the time reversal symmetry here. We will see how the time reversal

operator T can be used to obtain wave functions corresponding to right and

left movers.

In the following, we describe the setup of a harmonically trapped lattice

Bose gas and discuss the model we use to calculate the heat conductivity κ.

In Sec. 4.3, we derive the excitation spectra in both the Mott insulating and

the superfluid phase, introduce the first quantized formalism and discuss the

classification of excitations in terms of representations of T . The effect of

interfaces between different phases and the inhomogeneous chemical potential

within one layer is covered in Sec. 4.4. Finally, we use the scattering matrix
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to calculate the heat current in Sec. 4.5.

4.2 Setup

To investigate the heat conductivity in the heterostructure defined by a con-

fining potential V (r) = (ω2
xr

2
x + ω2

yr
2
y + ω2

zr
2
z)/2, we study the Bose Hubbard

Hamiltonian [20] with a spatially varying chemical potential,

HBH = −t
∑
〈i,j〉

a†iaj +
U

2

∑
i

δn2
i −

∑
i

δµiδni, (4.3)

where δµi = µi−U(n0−1/2) measures the chemical potential from a particle-

hole symmetric point and δni = a†iai−n0 denotes the deviation from a mean

filling n0. The sum 〈i, j〉 runs over nearest neighbors and i denotes the lattice

site with coordinate ri.

For a homogeneous system (δµi ≡ δµ), the phase diagram of the Hamil-

tonian (4.3) is given by the well known lobe-sequence, see Fig. 3.3: up to a

critical hopping tc, there is a finite region in the δµ/U–t/U plane where an

incompressible Mott-insulator is stabilized. For trapped systems, one usually

applies a local density approximation, thereby relating spatial regions with

different values of the local chemical potential δµi = δµ − V (ri) to the cor-

responding point in the phase diagram of the homogeneous system [33]. For

the harmonic confinement described above, the system develops a “wedding

cake” structure [53] composed of spherical shells of Mott insulating regions

and intermediate superfluids, cf. Fig. 4.3.

By restricting our considerations to transport along the radial direction,

we reduce the problem to one dimension. The main qualitative features are

captured by this approximation. To further simplify our approach, we expand

the chemical potential to linear order in the position δµi ≈ µ̃ri, which is well

justified in the relevant region away from the center of the trap. In Fig 4.3.

we show the heterostructure defined by the trap and the model system we

use to describe it.

In order to calculate the heat exchange between two superfluids connected

via a Mott insulating shell, we need the carriers of energy, namely the generic

excitations |α〉 in all three regions. At a finite temperature T these modes

are populated and carry their energy ~ωα, leading to an energy flow vα~ωα,
where vα = ∇kωα denotes the velocity of the mode |α〉. For a system in
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Figure 4.3: (a) The heterostructure obtained by harmonically confining

strongly correlated lattice bosons with the trapping potential V (ri). (b) One

dimensional model for the Mott barrier (with n0 particles per site) between

two superfluids. The linearized local chemical potential δµi divides the sys-

tem into two superfluids and a center Mott region of length L. We investigate

the heat exchange between these two superfluids, in particular between the

points A and B.

equilibrium no net current is flowing, as the energy flux QA→B
E from A to

B is balanced by the same flux QB→A
E = −QA→B

E . If a finite temperature

difference δT is present between A and B, the system reacts with a heat flow

WE =
∂QA→B

E

∂T
δT = κ(T )δT, (4.4)

defining the heat conductivity κ(T ). We therefore consider the current from

SFp (A) to SFh (B), cf. Fig. 4.3, using formula (4.1). The input channels

are the excitations in SFp incident on the SF-MI interface and the output

channels are the excitations emitted into SFh.

In the following, we describe the excitations |α〉 in all three phases (SFp,

SFh, and Mott insulator) of the heterostructure. To understand the prop-

agation and therefore the transport of energy within each phase, we need

the spectra ~ωα. For the scattering at the phase boundaries, we also need

the eigenfunctions |α〉. In the next section, we diagonalize the Hamiltonian
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(4.3) via a known method based on a mapping to a spin-1 problem [58] and

described in Chap. 3. We will consider large filling n0 in order to simplify

the calculation.

4.3 Wave functions and energies

We outline the procedure described in detail in Ref. [58] and Chap. 3 to find

the excitation spectrum of the Hamiltonian (4.3) via a mean-field calculation.

We first restrict the bosonic Hilbert-space to three local states |0〉i, | ± 1〉i.
The state |0〉i corresponds to having n0 bosons on site i, while | ± 1〉i has

one more (less) particle at i. Within this restricted space, we assume a trial

wave function for the ground state |Ψ〉 =
∏

i |ψi〉, where

|ψi〉 = cos(ϑ)|0〉i + sin(ϑ)
[
sin(χ)|+ 1〉i + cos(χ)| − 1〉i

]
.

Minimizing the variational energy εvar = 〈Ψ|HBH|Ψ〉 with respect to σ =

π/4−χ and subsequently expanding εvar in the order parameter ψ = 〈Ψ|ai|Ψ〉 =√
n0/2 sin(2ϑ) we obtain εvar ≈ aψ2 + bψ4/2. For simplicity, we assume√
n0 + 1 ≈ √

n0, or in other words, large filling number n0. We define the

critical hopping tc = U/8n0 and find for the order parameter close to the

phase boundaries δµ±c = ±U
√

1− t/tc/2 [108]

|ψ|2 =
√

1− t/tc ∆±
δµ/t, (4.5)

where ∆±
δµ = δµ±c ± δµ.

To obtain the excitations above the mean-field ground state |Ψ〉, one

constructs two states orthogonal to |ψi〉 in the truncated local Hilbert-space

and then proceeds along a spin-wave prescription (the local Hilbert-space can

be thought of as that of an effective pseudo-spin-1, where the trial ground

state plays the role of the direction of the magnetic order). This results in a

quadratic, anomalous Hamiltonian in the operators t†±1,k, creating the states

| ± 1〉i. Note that the original bosonic operators can be expressed as

a†i =
√
n0

[
t†i,1ti,0 + t†i,0ti,−1

]
,

ai =
√
n0

[
t†i,−1ti,0 + t†i,0ti,1

]
. (4.6)

By introducing a 4-spinor, we can write the effective Hamiltonian as a 4×4-

matrix in k-space, which can be diagonalized with a Bogoliubov transforma-

tion, cf. Chap. 3. Before presenting the resulting energies and eigenstates in
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4-spinor Microscopic interpretation Dirac
t†1,k
t†−1,k

t1−k
t−1,−k


particle

hole

anti-particle, absence of ground st. p-fluct.

anti-hole, absence of ground st. h-fluct.

e−, ↑
e−, ↓
e+, ↑
e+, ↓

Table 4.1: Physical interpretation of the 4-spinor and its similarity to the

Dirac spinor.

both the Mott and the superfluid phase, we elaborate on the spinor struc-

ture. The four components correspond to the operators t†1,k, t
†
−1,k, t1,−k, and

t−1,−k, respectively. We always use curly brackets to denote these 4-spinors.

In Tab. 4.1 we give an interpretation of the four components in terms of their

physical properties. Additionally, the analogy to the Dirac spinor helps to

understand the structure in terms of two species of “particles”. Here, they

are represented by a particle and a hole, while in the Dirac equation one has

spin-up and spin-down electrons. The role of an anti-particle in the Dirac

picture is played by ground state fluctuations of the same type of particle:

The anti-particle of a particle is a “missing” particle fluctuation of the ground

state and vice versa.

The diagonalization of the effective Hamiltonian derived in Chap. 3 pro-

vides us with the eigenfunctions, i.e., with the 4-spinors representing the

excitations. As mentioned in the introduction, the excitations in the insu-

lating phase are given by a “quasi-particle” and a “quasi-hole” and in the

superfluid phase by a sound and an amplitude mode. Furthermore, we men-

tioned that at the upper boundary of the Mott lobe, the condensate is of

particle-type as the “quasi-particle” of the Mott phase closes its gap and the

ground state admixes fluctuations of this kind. To illustrate the nature of

the excitations further, we give a sketch of the 4-spinors which is valid for

t→ 0 at the upper phase boundary. The exact expressions follow in the next

section. The excitations in the Mott insulating region are of the form:
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“quasi-particle” “quasi-hole”
1 + iε

0

0

ε


⇐ particle

⇐ dressing with anti-h


0

1 + iε

ε

0


⇐ hole

⇐ dressing with anti-p

Here, ε is assumed to be a small number and the states are normalized

correctly with respect to the “bosonic” norm, see below. The mixture of a

particle with an anti-hole and vice versa shows, that the excitations are of

“pure” particle or hole nature. This changes in the superfluid phase, where

the eigenvectors are given by:

sound mode (SFp) massive mode (SFp)
1 + iε

0

ε

0


⇐ particle

⇐ dressing with anti-p


0

1 + iε

0

ε


⇐ hole

⇐ dressing with anti-h

As expected, the eigenvectors do not have a well defined “particle” or “hole”

character as they are a mixture of particle and anti-particle or hole and

anti-hole, respectively. This suggests, that they are not single-particle but

collective excitations characteristic for the broken symmetry phase. We note,

that the zeros in the eigenvectors of the Mott phase are present in the whole

Mott lobe. This is not the case for the excitations in the superfluid. This is

a property that follows from the fact that at the tip of the Mott lobe, the

classification in SFp and SFh breaks down due to the combined condensation

of particles and holes [70]. Hence, the sound and massive modes acquire

weight in all four components as shown below.

So far, we presented only two 4-spinors per phase. The effective Hamil-

tonian possesses four linearly independent eigenvectors, however. It turns

out, that we can construct the other two (in each phase) with the help of the

time reversal operator T . The expression for T in the 4-spinor space can be

inferred from the relations (4.6) and from the transformation a†i → ai under

time reversal. It is given by

T = C
(

0 σ0

σ0 0

)
, (4.7)
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where σ0 is the identity matrix in two dimensions and C denotes the op-

eration of complex conjugation. If the time reversal symmetry is not bro-

ken ([T , Heff ] = 0), it is beneficial not to work with the above presented

eigenstates, but within representations of T by constructing simultaneous

eigenvectors of Heff and T . The Hilbert space then decays into two sectors,

characterized by the representation of T . We can restrict our considera-

tions to one sector.1 Such a description in terms of eigenvectors of the time

reversal operator also prepares the path to the first quantized description.

The spinors remain invariant under time reversal and right and left-moving

excitations differ only by k → −k and not by their vector structure.

In the following, we present the results for the energies and eigenfunctions

in both phases. While we will work within one sector of the T -representation

to describe scattering and propagation in the heterostructure, we note, that

it is more instructive to first characterize the spinors in terms of the simple

eigenfunctions discussed above.

4.3.1 Mott insulator

Using the results of Ref. [58], we can write for the excitations in the insulating

phase

~ωp(h)(k) =
U

2

√
1− (t/tc) cos(k)∓ δµ. (4.8)

The corresponding eigenstates are given by

pk =


A(k)

0

0

B(k)

 and hk =


0

−A(k)

−B(k)

0

 , (4.9)

together with T pk and T hk, respectively. Due to the bosonic character of

the 4-spinors, the correct normalization of the eigenfunctions pk and hk is

with respect to the metric M = diag(1, 1,−1,−1). The functions

A(k) = cosh(arctanh{(t/tc)/[2− (t/tc) cos(k)]}/2), (4.10)

B(k) = sinh(arctanh{(t/tc)/[2− (t/tc) cos(k)]}/2), (4.11)

1Note, however, that a phase difference between the two condensates (SFp and SFh)
would break this symmetry and couple the two sectors.
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B(0)2
A(0)2

0
tc/20

1

tc

2

Figure 4.4: We note that B(k) → 0 for t → 0 for all k, as expected from

a perturbative approach in t/U , where the Mott insulating state does not

carry any fluctuations.

provide the “dressing” of a particle by hole-type fluctuations in the ground

state (and vice versa) and fulfill the normalization condition. The form of

A(0) and B(0) displayed in Fig. 4.4 confirms the sketch given above for t→ 0.

The energy eigenstates

p±k = (pk ∓ iT pk)/
√

2

h±k = (hk ∓ iT hk)/
√

2 (4.12)

are multiplied with ±i under the operation T . Without loss of generality,

we choose to work with the “+”-eigenstates and drop the superscript in the

following.

4.3.2 Superfluid

As we are interested in the excitations at the points A and B (cf. Fig. 4.3),

we calculate energies and eigenstates in the superfluid phase for ψ → 0 at

t < tc, yielding the result [58]

~ωs(m)(k) = 4tn0

√
α2
s(m) − β2

s(m)

k→0
≈

{
ck

∆m

, (4.13)

where the gap of the massive mode is given by ∆m = U
√

1− t/tc and the

sound velocity of the phonon by c =
√

4Utn0/(2tc/t − 1). The parameters
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Ω+

Ω−

tc/2

1

1/
√

2

tc0

Figure 4.5: The functions Ω± describe the “particle” (“hole”) character of

the sound and massive mode. In SFp and for t→ 0, the sound (massive) mode

has mainly overlap with | + 1〉 (| − 1〉), respectively. This clear distinction

vanishes towards tc and is reversed in SFh.

αs(m) and βs(m) are given by

αs =
1

2

[
2

2− t/tc
− cos(k)

]
, (4.14)

αm =
2tc
t

+ αs, (4.15)

βs = −βm =
t

tc

1

2− t/tc
cos(k). (4.16)

For the eigenstates in SFp we find

sp

k =


−Ω+As(k)

Ω−As(k)

−Ω+Bs(k)

Ω−Bs(k)

 and mp

k =


Ω−Am(k)

Ω+Am(k)

Ω−Bm(k)

Ω+Bm(k)

 , (4.17)

together with T sp

k and Tmp

k, respectively. The “dressing” is provided by

the hyperbolic functions

As(m) = cosh{arctanh[βs(m)(k)/αs(m)(k)]/2}, (4.18)

Bs(m) = sinh{arctanh[βs(m)(k)/αs(m)(k)]/2}. (4.19)

Again, the dressing reflects the fluctuating ground state and the functions

Bs(m)(0) vanish for t → 0, while As(m)(0) tend to 1 in this limit. Towards

the tip of the Mott lobe, t → tc, both Bs(m)(0) and As(m)(0) diverge with

A2
s(m)(0) − B2

s(m)(0) = 1. The functions Ω± describe the “particle” (“hole”)

character of the sound and massive mode as they control the overlap with
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t†1,k (t†−1,k) and t−1,−k (t1,−k), respectively, cf. Fig. 4.5. They are given by

Ω± =
1√
2

[
cos(arctan(2(tc/t)

√
1− t/tc))±

sin(arctan(2(tc/t)
√

1− t/tc))

]
. (4.20)

The eigenstates for SFh are obtained by replacing Ω+ ↔ Ω−. We again focus

on the superpositions

sp

k = (sp

k − iT sp

k)/
√

2

mp

k = (mp

k − iTmp

k)/
√

2 (4.21)

in the “+”-representation of T , and similar for SFh.

4.3.3 Wave functions

So far, we have introduced the eigenstates in k-space obtained with the help

of the method discussed in Ref. [58]. However, to address the inhomogeneity

in trapped systems, we need the wave functions in real space. Using the

eigenstates (4.12) and (4.21), we construct these spinor wave functions. For

the description of scattering processes at the phase boundaries, we construct

right and left-moving excitations without explicitly specifying the type of

superfluid (SFp(h)) for the moment

ψk
p(r) = eikrpk and ψ−k

p (r) = ie−ikrpk, (4.22)

ψk
h(r) = eikrhk and ψ−k

h (r) = ie−ikrhk, (4.23)

ψk
s(r) = eikrsk and ψ−k

s (r) = ie−ikrsk, (4.24)

ψk
m(r) = eikrmk and ψ−k

m (r) = ie−ikrmk. (4.25)

For the Mott insulating phase, we have seen that the eigenstates pk and hk
are independent of δµ and therefore of r. The wave vector k for a given energy

ε, obtained by inverting the dispersion relation [kp(h) = ~ω(−1)
p(h) (ε)], depends

on the position, however. The above formulas (4.22) and (4.23) have to be

understood as to be valid for a fixed δµ. We discuss the WKB approximation

and “turning point”-scattering accounting for the spatial variation of δµi in

Sec. 4.4.2.
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4.4 Scattering at the Mott layer

In a next step we obtain the wave function of the whole system by properly

matching the wave functions of the different regions. Applying a WKB ap-

proximation in the Mott phase allows us to account for the inhomogeneous

δµi. Before proceeding with a detailed description of the method we use to

calculate the scattering processes at the phase boundaries and the propa-

gation within the Mott phase, we supply a general overview summarized in

Figs. 4.6 – 4.8.

We begin with a real-space description of a complete scattering event of

a phonon from the superfluid SFp through the Mott barrier to the superfluid

SFh on the other side. Subsequently, we discuss the energy dependence of

such a scattering event by comparing the (local) spectra for different locations

in the trap. Finally, we combine these considerations to identify three dis-

tinct regions in the t-µ phase diagram with qualitatively different scattering

behavior.

We recall the general setup we consider here: The local chemical poten-

tial is linearly depending on the position. To obtain the transmission and

reflection properties of the Mott layer, we connect the excitations at point

A in SFp with those of SFh at point B. The spatial dependence of δµ is

therefore only relevant in the Mott layer. The spectra for particle and hole

excitations are given by

~ωp(h)(k) =
U

2

√
1− (t/tc) cos(k)∓ δµ(r). (4.26)

We see that the chemical potential represents a linearly growing (particle) or

decreasing (hole) effective potential. In the following, we want to restrict our

consideration to energies, where the excitations are always in the lower part

of their band, i.e., a quadratic expansion for the cosine is justified and one

can think of the chemical potential as an effective potential V
p(h)

eff = ∓δµ(r)

for the particles and holes, respectively.

The scattering event of an incoming phonon can be divided in three parts:

(i) The phonon is incident on the boundary to the Mott phase and has to

be transformed into the eigenstates of the insulator, i.e., into a particle and

a hole. We have seen that the main factor controlling the overlap between

phonon and particle, and phonon and hole, respectively, is given by Ω±. (ii)

Once inside the Mott phase, the particle is running against the potential

barrier represented by the chemical potential. The hole, on the contrary,
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Figure 4.6: Sketch of a scattering event of an incoming phonon from SFp.

(a) The incident phonon is projected onto a particle and a hole with weights

proportional to Ω+ and Ω−, respectively. Inside the Mott layer, the particle

propagates until it hits the potential. It can be reflected or tunnel under the

barrier. The hole tunnels out of its barrier and propagates to the other end of

the layer. At the boundary to SFh, both modes are converted into the modes

of the superfluid with the respective weight. (b) The same situation with a

higher energy of the incoming phonon that allows for undamped propagation

through the Mott region.

gains energy by crossing the Mott layer, cf. Fig. 4.6. (iii) At the other side of

the Mott barrier, the excitations again have to be converted into the modes

of the superfluid. As the roles of particle and hole are exchanged in SFh with

respect to SFp, the overlap of a particle with a massive mode is now given by

Ω+ and with the phonon by Ω−. For the hole, the factors Ω± are exchanged.

In Fig. 4.6(a) we describe such a propagation through the Mott layer for an

incoming energy, where both the particle and the hole end up in classically

forbidden regions. In that case, the transmission of a phonon from A to be

B is exponentially suppressed. In Fig. 4.6(b) we show a scenario where the

energy of the incoming phonon allows for free propagation in the whole Mott

layer. The case of an incoming massive mode instead of a phonon can be

obtained by reading Fig. 4.6 from right to left.
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r

states in the Mott layer

spectral overlap of intermediate

and final states

spectral overlap of initial

SFp Mott SFh

~
ω

(k
)

[U
]

1 0 1k [π/a]0 1k [π/a]0 1 0k [π/a]0 k [π/a] 1k [π/a]

Figure 4.7: Overview of local spectra in the SFp(h) and at three locations

in the Mott layer. The spectra in solid lines denote excitations with mainly

“particle”, the ones in dashed lines with “hole”-character. When traveling

through the Mott layer from right to left, the particle (hole) branch is pushed

up (down) in energy. The dark gray range denotes energies, for which the

propagation is purely non-damped. The faint gray area denotes energies

in which the excitations of SFp and SFh with the dominant transmission

probability have nonvanishing spectral overlap, see text for details.

With the generic picture of a scattering event at hand, we can now try

to understand the energy dependence of the entire process. We have seen

how an effective potential description allows to distinguish free and damped

propagation. The underlying lattice adds another restriction on the energies:

All dispersions are given by bands, introducing a high energy cutoff for all

scattering events. We consider a point in the phase diagram close to the tip

of the Mott lobe, t = 0.9tc, discuss the energy restrictions on the transfer of

phonon through the Mott layer, and then see how the results depend on t in

a second step.

A simple description in terms of an effective potential as presented above

is obstructed by the negative effective mass at the upper band edge, it is

therefore most instructive to compare the dispersion of the initial, final, and

intermediate states to obtain the spectral restrictions on the scattering. In

Fig. 4.7, the dispersion relations for the excitations at t = 0.9tc are shown

for different locations in the trap. There are two key properties that are
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determining the scattering behavior. First, the spectral overlap between the

particle and the hole band is responsible for the free or damped propagation

discussed above. If the energy of the incident excitation lies below the gap,

it cannot freely propagate and will decay. As the particle and hole dispersion

are transformed into one another throughout the Mott layer, the minimal

energy required for free propagation is the gap of either the hole branch at

the upper, or the particle branch the lower boundary. This is the threshold

captured by the effective potential description above and gives the condition

for the occurrence of a classical turning point. The upper band edge of the

dispersion introduces another threshold. Therefore, for all energies that lie

above the band, damping sets in as well. By the same argument as for the

lower threshold, the high energy cutoff is given by either the upper band

edge of the particle branch at the upper or the hole branch at the lower

boundary. These considerations lead to an energy window allowing for free

propagation which is given by the overlap of the two dispersion at either of

the boundaries. In Fig. 4.7 the energy interval is indicated by the dark gray

area in the Mott layer.

The second important feature is the spectral overlap between the initial

and the final states, i.e., the excitations in SFp and SFh. We know from the

real-space discussion above, that the dominant transmission probability is

given by a phonon of SFp to a massive mode of SFh and vice versa as it is

proportional to Ω2
+; we call this the “majority component”. The transmission

is therefore largest in the energy window of spectral overlap of the majority

components, displayed in Fig. 4.7 in faint gray.

In a last step, we compare the spectral features for different values of

t. We then find three regions with qualitatively different propagation, cf.

Fig. 4.8:

1. For t > 0.8tc = t?, the excitations in the Mott layer are such that

there is a non-vanishing window of energies where the modes propagate

undamped across the insulator. The value of t? is obtained by equating

~ωp(π/a)− ~ωh(0) = 0 at one of the boundaries.

2. For (3−
√

5)tc = 0.76tc = t� < t < t?, there is no undamped propaga-

tion, but the excitations in SFp and SFh with the dominant transmission

probability (p-phonon and h-massive mode and vice versa) have non-

vanishing spectral overlap. Here, t� results from ~ωs(π/a)− ~ωm(0) =

0.
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Figure 4.8: Overview of local spectra in the SFp(h) (A and B) and at three

locations in the Mott layer (a, b, and c) for different hopping amplitudes

t = 0.9tc, t = 0.78tc and t = 0.25tc. Dashed and solid lines, faint and dark

gray regions are encoded as in Fig. 4.7. (Top panel) t = 0.9tc: Only for

t > t? (dark gray area at the tip of the lobe) there is a non-vanishing spectral

overlap and for t < t?, the Mott layer only supports a damped transport.

(Middle panel) For t > t�, the phonon of SFp has spectral overlap with

the massive mode of SFh as indicated by the faint gray area. The boundary

t = t� marks another qualitative change in transfer properties where spectral

overlap is only given for two modes in SFp and SFh which have small wave-

function overlap. (Bottom panel) No spectral overlap is available for small

hopping amplitude t.

3. For t < t� only the “minority-components” (p-phonon to h-massive

mode and p-massive mode to h-phonon) contribute to transport.

4.4.1 Boundary scattering

In our setup we have two boundaries between different phases. While at

point A, the superfluid SFp and the Mott insulator form a boundary, at

point B the SFh touches the insulating region. To describe the transfer from

the superfluid phase into the Mott insulator and vice versa, we match the
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wave functions (4.22)–(4.25) and their derivatives at the boundary. We write

ψMI(r)=Prψ
k
p(r)+Plψ

−k
p (r)+Hrψ

k
h(r)+Hlψ

−k
h (r)

ψSF(r)=Srψ
k
s(r)+Slψ

−k
s (r)+Mrψ

k
m(r)+Mlψ

−k
m (r),

where we do not specify SFp or SFh for the moment. We only need to consider

the first two components of the equations

ψMI(0) = ψSF(0) and ∂rψMI(0) = ∂rψSF(0), (4.27)

as the other two are fulfilled automatically by construction. Note, that by

this procedure we have eight unknowns and four equations, allowing us to

connect the four amplitudes on one side of the interface with the four on the

other. By solving for Pl(r) and Hl(r) we obtain the transfer matrix MSF−MI

defined as 
Pr
Pl
Hr

Hl

 = MSF−MI


Sr
Sl
Mr

Ml

 . (4.28)

This transfer matrix depends on whether we use the wave functions for SFp or

SFh and we denote the two different matrices with Mp(h)

SF−MI. Note that we wrote

the amplitude of the different wave functions in a vector structure without

curly brackets in (4.28). The entries give the weights of the corresponding

wave functionsψk
p(r) . . .ψ

−k
m (r) and not the underlying operators t†1,k . . . t−1,k.

Furthermore, we remark that the 4-dimensional character of (4.28) is due to

the restriction to the “+”-sector of T ; in general one expects the transfer

matrix to act on a vector space of twice the dimension of the spinor. However,

the matrix elements connecting the two sectors “+” and “−” vanish for a

T -symmetric system.

To illustrate the effects of the scattering processes at the phase bound-

aries, it is most convenient to construct the transfer matrix for the two bound-

aries alone Mbd = (Mh
SF−MI)

−1Mp
SF−MI, i.e., assuming only the interface scat-

tering and no effects of propagation in the Mott phase, cf. Fig. 4.9(a). To

find the scattering properties on such an infinitesimal Mott layer, we solve

the equations 
rss
rms
τss
τms

 = Mbd


Sr = 1

0

0

0

 and (4.29)
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Figure 4.9: (a) Scattering on an infinitesimal Mott layer. In panel (b)

and (c) the transmission and reflection probabilities of an incident phonon

and massive mode are shown. (b) Transmission and reflection probabilities

(|ταβ|2, |rαβ|2) for an incident phonon (β = s) and an incident massive mode

(β = m) from SFp to SFh through an infinitesimal Mott layer at t = 0.6tc
versus the energy of the incident excitation. We only show the probabilities

in the allowed energy bands of the incident particles. Panel (c) shows the

euclidean norm of vβ = (rsβ, rmβ, τsβ, τmβ)
T as a characterization of “quasi-

particle–production (–destruction)” at the scattering interface.
rsm
rmm
τsm
τmm

 = Mbd


0

Mr = 1

0

0

 , (4.30)

for the reflection (rαβ) and transmission (ταβ) amplitudes describing the scat-

tering properties of an incoming phonon from SFp, Eq. (4.29), and an incom-

ing massive particle from SFp, Eq. (4.30), see Fig. 4.9(a).

In order to understand the resulting scattering properties, we note that

phonons and massive modes are superpositions of the additional particles

(| + 1〉) and the underlying holes (| − 1〉). These are anti-particles, as when

combined at the same site, they annihilate each other. Given such a setup

of excitations (quasi-particles) that are superpositions of particles and anti-

particles, it is readily understood that a scattering event can lead to quasi-

particle production (destruction) without violating total number conserva-
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4.4 Scattering at the Mott layer

tion. In Fig. 4.9 we show the resulting transmission and reflection amplitudes

for t = 0.6tc. Analytic expression can be obtained but are lengthy. In the

following we show numerical results. For the case of an incident phonon, one

can observe that at very small energy, the phonon is completely reflected

onto itself, i.e, rss ≈ 1. By raising the energy, more quasi-particles are trans-

mitted. While for small energies mainly phonons are emitted into SFh, at

larger energies more massive mode excitations are generated. One has to

notice, however, that these massive particles are emitted at energies below

their gap and decay within SFh. The production of reflected massive parti-

cles in SFp is small in the whole energy band of the incident phonon. For

the case of an incoming massive mode (at higher energies in Fig. 4.9), the

reflection of phonons back into SFp is also strongly suppressed. While the

reflection of the massive mode onto itself is decreasing at higher energies,

the transmission of sound and massive modes in SFh is enhanced. We quan-

tify the “quasi-particle production” with the euclidean norm of the vectors

vβ = (rsβ, rmβ, τsβ, τmβ)
T where β = s,m. At nonzero energies of the incom-

ing phonon (massive mode) the norm of the wave function is not conserved,

i.e., quasi-particle are produced (destroyed) at the boundary.

4.4.2 WKB

For the calculation of Mp(h)

SF−MI, we assume the wave functions to be of the

form (4.22)–(4.25). To properly describe the propagation in the inhomo-

geneous Mott phase, we apply a WKB approximation and then discuss its

combination with the boundary scattering.

To account for slowly varying potentials, in our case δµi, one can use a

WKB approximation for the wave number k. We emphasize that the spinor

structure is independent of δµ throughout the Mott phase. We write

ψ±k
p (r) =

1√
|kp(r)|

exp

[
±i
∫ r

0

dr′ kp(r
′)

]
pkp(r),

ψ±k
h (r) =

1√
|kh(r)|

exp

[
±i
∫ r

0

dr′ kh(r
′)

]
hkh(r), (4.31)

where the wave numbers kp(h) for a given energy ε have to be calculated by

inverting ~ωp(h)(k) = ε, cf. Fig. 4.10. Care has to be taken with choosing the

correct branch cut when k becomes imaginary for energies above the upper

band edge or below the gap, cf. Fig. 4.10. For situations, where the energy
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Figure 4.10: Momenta of the

particle (solid line) and hole

(dashed line) branch versus

energy at the upper phase

boundary of the Mott lobe.

For all energies below ∆m,

the corresponding wave vec-

tor k crosses zero at a point

rcl within the Mott layer as

the two branches exchange

their position from the upper

to the lower boundary; this

generates a classical turning

point at rcl. At energies

around the upper band edge,

no breakdown of WKB oc-

curs as Re(k) stays nonzero.

ε is such that one crosses the lower band edge while propagating through

the Mott layer of thickness L, the WKB approximation breaks down because

|k(r)| → 0. This happens for energies smaller than ωh(0)r=0 = ∆m. However,

such a breakdown of WKB is known from the reflection at a classical turning

point rcl, where one uses the correct eigenfunctions for a linear potential (Airy

functions) to overcome this problem [109]. In short, the Airy functions are

patched together with the WKB solutions in their common region of validity

and one finds a scattering at the turning point with a phase shift π/2. The

wave functions (4.31) are therefore to be generalized such that for energies

below the gap ∆m, where within the Mott layer a classical turning point

occurs, cf. Fig. 4.8, they exhibit the correct scattering behavior. This can

be achieved via “connection rules” [109].

In the following, we construct the wave functions and the corresponding

transfer matrices in the Mott layer. For this purpose, we introduce the

notation for the phases acquired between two arbitrary points a and b

ϕ
p(h)
a,b = i

∫ b

a

dr′ kp(h)(r
′). (4.32)
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4.4 Scattering at the Mott layer

The classical turning point is obtained via the condition

kp(h)(rcl) = ~ω(−1)
p(h) (ε) = 0. (4.33)

Connecting the amplitudes (Pr, Pl, Hr, Hl)
T on either side of the Mott phase

(at x = 0 and x = L), one compares ψ±k
p(h)(0) with ψ±k

p(h)(L). Inspecting

Eq. (4.31) we recognize that a factor
√
|k(0)|/|k(L)| appears in the compar-

ison of the two sides. For the derivation of Mp(h)

SF−MI we used the homogeneous

wave functions without the quasi-classical prefactor 1/
√
|k(r)|. By com-

bining all correct wave functions, all quasi-classical prefactors cancel out,

however.

Note, that the propagation and “turning point”-scattering does not mix

the particle and hole branches. The corresponding transfer matrix therefore

decomposes into two 2×2 blocks for each sector

MMI =

(
Mp

MI 0

0 Mh
MI

)
. (4.34)

We first give the transfer matrix for energies without a classical turning point

(ε > ∆m)

M
p(h)
MI =

(
eϕ

p(h)
0,L 0

0 e−ϕ
p(h)
0,L

)
. (4.35)

Note that the “phases” ϕp(h)

0,L can either be purely imaginary for undamped

propagation, or can have a real part for energies where one ends up above

the band gap (which does not correspond to a classical turning point due to

the finite real part of kp(h)), cf. Fig. 4.10.

We now turn to the discussion of the case where we encounter a classi-

cal turning point at rcl. The aforementioned connection rules connect the

asymptotic wave functions on either side of the turning point. We illustrate

this on an example of a hole excitation that enters the Mott region from

SFp (left) in a non-propagating way, i.e, with an amplitude that increases

proportional to exp[−
∫ rcl
x
dr′|kh(r′)|] to the right, cf. Fig. 4.6(a)-top. In the

region x > rcl, the correct matching of the wave functions via the interme-

diate Airy functions results in 2 cos[
∫ x
rcl
dr′kh(r

′) + π/4] [109]. Note that we

skipped both, the spinor structure and the quasi-classical prefactors. In a

transfer matrix formalism this generates the following entries

Mh

MI

(
1

∗

)
= eϕ

h
0,rcl

(
e
+ϕh

rcl,L
+iπ/4 ∗

e
−ϕh

rcl,L
−iπ/4 ∗

)(
1

∗

)
. (4.36)

88



On the heat conductivity of a hot wedding cake
P

h
a
se

A
m

p
li
tu

d
e

∆m

Energy [U ]

particle: (MMI)22

hole: (MMI)44

t = 0.6tc

(b)

(a)

0.2 0.6 0.8 1

π

−π

0.8

0.4
0.2

0

0.6

1
1.2
1.4

0 0.4

Figure 4.11: (a) Acquired phase of a particle (solid line) and a hole (dashed

line) after traveling through the Mott layer at t = 0.6tc. Both modes acquire

the same phase, except that for energies below ∆m, the different scattering

at the classical turning point (from above or below) results in a phase shift

of π/4. Panel (b) shows the corresponding transmission amplitudes of the

transmitted modes (only the exponentially growing amplitudes are shown

[(MMI)22 and (MMI)44]). Again, below ∆m the amplitudes differ by a factor

1/2, stemming from the asymptotic behavior of the Airy functions. The

reflection at the classical turning point, and its accompanying reduction of

the transmission explains the different behavior above and below ∆m.

The prefactor exp[ϕh
0,rcl

] describes the evanescent behavior below the barrier

(x = 0, in the wave function above), and the two entries in the matrix

correspond to the phases accumulated by the cosine (x = L, in the wave

function above).

Repeating the above arguments for the other cases and properly collecting

all connection rules results in the transfer matrices

Mp

MI =

(
1
2
eϕ

p
0,L−iπ/4 1

2
e
−ϕp

0,rcl
+ϕp

rcl,L
+iπ/4

e
ϕp

0,rcl
−ϕp

rcl,L
+iπ/4

e−ϕ
p
0,L−iπ/4

)
,

Mh

MI =

(
eϕ

h
0,L+iπ/4 1

2
e
−ϕh

0,rcl
+ϕh

rcl,L
−iπ/4

e
ϕh

0,rcl
−ϕh

rcl,L
−iπ/4 1

2
e−ϕ

h
0,L+iπ/4

)
.

We show the key features of the transmission properties, obtained by numer-
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ically integrating the phases, in Fig. 4.11. To compare results at different

values of t later, we fix the thickness of the Mott layer at t = 0 to L0 = 10a.

The width of the layers at different values of t shrinks according to the size of

the Mott lobe in the bulk phase diagram. At t = 0.6tc, the gap ∆m ≈ 0.63U

divides the energies into a region with a classical turning point rcl (ε < ∆m)

and without (ε > ∆m). With a turning point, the phases of a transferred hole

and particle differ by π/4 as they approach rcl from the classically forbidden

(allowed) region. We only show the exponentially growing amplitudes for

the chosen parameters the damped ones are efficiently suppressed. Particle

and hole branches behave identically up to a factor 1/2 below ∆m, again a

consequence of the scattering at rcl.

4.4.3 Scattering matrix

The total transfer matrix, connecting the two superfluids on either side of

the Mott insulator is now given by

Mtot = (Mh

SF−MI)
−1MMIM

p

SF−MI. (4.37)

We obtain the scattering matrix S by solving the linear equation
Sh

out

Sh
in

M h
out

M h
in

 = Mtot


Sp

in

Sp
out

M p
in

M p
out

 (4.38)

for the amplitudes of the outgoing excitations Sp
out, M

p
out, S

h
out, and M h

out. For

the heat conductivity we are only interested in the transmission amplitudes

connecting the channels of incoming phonons and massive modes from SFp to

the outgoing excitations in SFh. Within this subspace the scattering matrix

reads (
Sh

out

M h
out

)
= S

(
Sp

in

M p
in

)
=

(
τss τsm
τms τmm

)(
Sp

in

M p
in

)
. (4.39)

4.5 Heat conductivity

As an illustration of the possibilities offered by the formalism introduced

above, we calculate the heat conductivity κ(T ) between the two superfluids

SFp and SFh. Calculating the heat current from A to B in equilibrium via
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On the heat conductivity of a hot wedding cake

Eq. (4.1) and taking the derivative with respect to T we obtain κ(T ). The

input channels α are given by the phonons and massive particles impinging

onto the Mott insulating phase at point A, i.e., from the particle-like super-

fluid SFp. The output channels on the other side of the insulating region

are the corresponding modes in SFh. In order to calculate the heat current

across the insulating layer, we measure the flow behind the Mott barrier in

SFh [vs(m)(ε)ε in the output channels at point B] and account for the density

of states in front of the insulating layer in SFp [Ns(m)(ε) in the input channels

at point A]. With such an approach, we measure the transported energy and

we do not account for a possible heating of the Mott layer; such a heating

cannot be excluded due to the nonunitarity of the scattering matrix.

We note that in one dimension the velocity

vs(m) = 1/Ns(m)(ε) (4.40)

is the inverse of the density of states. Therefore, only in processes where

the phonon and massive mode channels are mixed, there appears the ratio

Ns(m)(ε)/Nm(s)(ε), otherwise density of states effects cancel out. We define

the phonon (massive mode) bandwidths Wϕ(m) = ωs(m)(π/a) and split κ into

two terms

κ(T ) = κdir(T ) + Θ(Wϕ −∆m)κcross(T ), (4.41)

with

κdir =

∫ Wϕ

0

dε ε|τss|2
∂g

∂T
+

∫ Wm

∆m

dε ε|τmm|2
∂g

∂T
, (4.42)

κcross =

∫ Wϕ

∆m

dε ε

[
Ns(ε)

Nm(ε)
|τms|2 +

Nm(ε)

Ns(ε)
|τsm|2

]
∂g

∂T
. (4.43)

We remark that for parameters t < t�, where ∆m > Wϕ, only the direct

channels (ταα, α = s,m) contribute, as the incoming modes have only spec-

tral overlap with the same mode on the other side. In Fig. 4.12, we show

a sketch of the obtained result for κ(T ). The functional form reminds for

all values of t/U of an exponentially suppressed behavior for small tempera-

tures and saturates due to the upper band edge at high T . This observation

suggests a phenomenological model given by a density of states of the form

N(ε) = δ(ε−∆eff) and an associated velocity v0(∆eff). Introduced into (4.1)

(assuming τ = 1) this results in a heat conductivity of the form

κ(T ) = v0(∆eff)kB

(
∆eff

kBT

)2
exp(∆eff/kBT )

[exp(∆eff/kBT )− 1]2
T→∞
= κ∞, (4.44)
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Figure 4.12: Sketch of the heat conductivity suggesting a phenomenological

model in terms of an effective gap ∆eff , relevant at low temperatures and a

saturation value κ∞ responsible for the high temperature behavior.

defining κ∞ = v0(∆eff)kB.

In Fig. 4.13, we show the calculated heat conductivity κ(T ) for different

values of t/U for temperatures between 0 and U/kB. We note that the curves

for the heat conductivity obtained by fitting the phenomenological model to

the data shown on Fig. 4.13 reproduce the results almost perfectly. The

effective gap, obtained by the above mentioned fit, is independent of the

Mott layer thickness L and is approximately given by

∆eff ≈ tc − t+ 0.32. (4.45)

The linear behavior has to be compared to the evolution of the size of the

maximal gap within the Mott layer, ∆m, which has a square root dependence

on 1− t/tc. The offset by 0.32 is due to the conversion of quasi-particles at

the phase boundaries which in our phenomenological model also influences

the value of the gap. The transmittance of the boundaries, possible scat-

tering resonances within the Mott layer (between the two boundaries to the

superfluids or between one such boundary and rcl), as well as density of state

effects can be absorbed in the coefficient κ∞. In Fig. 4.13(b), we show κ∞
versus t and recover the qualitative behavior described at the beginning of

Sec. 4.4 due to energy considerations: The overlapping particle and hole

branch above t?, leading to undamped propagation produce the flat curve at

large t; the shoulder in κ∞ at t� due to spectral overlap of the majority com-

ponent, and the strongly damped κ∞ below t�. We note, that our present

approach gives rise to various sharp features in κ∞ originating in density of
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Figure 4.13: (a) Heat conductivity κ(T ) for different values of t (t =

0.9, 0.82, 0.78, 0.74tc, from the back to the front) for a Mott layer of thick-

ness L0 = 10a (defined at t = 0). One observes that the structure of κ(T )

for small T is dictated by a gap in the spectrum of the intermediate region.

For smaller values of t, where only damped modes contribute to transport,

the heat conductivity is exponentially suppressed and not shown here. (b)

The dependence of the maximal heat conductivity κ∞ = κ(T � U/kB) on

the hopping amplitude t displaying the qualitative change for t < t� strong

damping sets in.

states effects. These effects are masked in an experiment, where the finite

size of the superfluid and Mott insulating regions induces an uncertainty in

the momenta of all excitations. To account for this, we cut off the energy

integrals in Eq. (4.42) and (4.43) at εc ∝ 1/L2
0 with ε < Wφ,Wm,∆m for

t ≥ t�/4.

4.6 Conclusions

We have used the variational mean-field theory described in Chap. 3 in or-

der to address the mesoscopic aspects of inhomogeneous, strongly interacting

lattice bosons. By solving the effective Hamiltonian for the low-energy exci-
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tations in the Mott and the superfluid phase for arbitrary chemical potential

δµ, we obtained the particle/hole and sound/massive modes respectively.

The particle and hole branches are gapped inside the Mott insulator. To-

wards the phase boundaries, one of them is becoming gapless, condenses and

gives rise to a Goldstone mode, the sound mode of the superfluid. The other

stays gapped and transforms into the massive mode on the superfluid side

of the transition. While at the upper boundary [δµ > 0] the particle branch

closes its gap, it is the hole branch that condenses at the lower boundary

[δµ < 0].

Going over to a first quantized description, we derived the 4-spinor wave

functions for the different excitations. The observation, that for a time-

reversal symmetric problem with [T , H] = 0 one can restrict all consider-

ation to one representation of T , allowed for a transfer-matrix formalism

in a 4-dimensional space. By properly matching the wave functions at the

boundaries between the superfluids and the insulating layer, we found the

transfer, and hence the scattering properties, at the interface. The presence

of a Mott insulator provides the notion of particles and anti-particles (holes)

and leads to scattering properties known from the Klein paradox: An incom-

ing electron cannot only be transmitted or reflected, but a positron can be

transmitted while two electrons are reflected. We found a similar effect, here

manifested by a production of quasi-particles across the interface.

Within the Mott layer, the effective chemical potential δµi linearly changes

from δµ+
c → δµ−c . We accounted for this inhomogeneity within a quasi-

classical WKB approximation. While such an approach is valid as long as

the characteristic scale over which the potential changes is much larger then

the quasi-classical wave number |k(r)|, it clearly breaks down for |k(r)| → 0.

In a gapped system like the present Mott insulator, where the gap ∆p(h)

changes from zero to ∆m throughout the layer, such a breakdown necessarily

occurs for energies below ∆m. We made use of the exact solutions for a lin-

ear potential to glue the quasi-classical solutions together and obtained the

correct wave functions for the Mott layer.

In order to address the question of thermal transport through the in-

sulator, we made use of our wave functions to derive the scattering matrix

of the heterostructure, connecting the two adjacent superfluid layers over a

Mott insulating layer. The thermal conductivity shows the signature of a

gapped medium with a finite bandwidth; it is exponentially suppressed at

low temperatures and saturates at temperatures above the bandwidth. The
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effective gap ∆eff ≈ tc − t scales linearly with the hopping parameter, while

the saturation value κ∞ scales exponentially with t/U . For values t > t?,

a finite energy window allows for undamped propagation of particles and

holes, leading to a κeff essentially independent of the layer thickness L. For

t < t?, however, the whole transport is exponentially suppressed; we found

good agreement of our result with a simple energetic argument based solely

on the band structure of the Mott layer.
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Appendix A

RPA derivation of the

amplitude mode

A.1 Quantum phase model – decoupling

The partition function for the quantum phase model is given by

ZQPM =

∫
[dϕ] exp

{
−
∫ β

0

dτ
1

2U

∑
i

ϕ̇2
i −

J

2

∑
〈i,j〉

e−iϕieiϕj

}
, (A.1)

where throughout the text hermitian conjugation is implied in 〈i, j〉. We

decouple the hopping operator in ZQPM by completing the square

ZQPM =

∫
[dϕ][d∆][d∆∗] exp

{
−
∫ β

0

dτ
1

2U

∑
i

ϕ̇2
i −

J

2

∑
〈i,j〉

e−iϕieiϕj

+
J

2

∑
〈i,j〉

(
∆∗
i − e−iϕi

)(
∆j − eiϕj

)}

=

∫
[dϕ][d∆][d∆∗] exp

{
−
∫ β

0

dτ
1

2U

∑
i

ϕ̇2
i

− J

2

∑
〈i,j〉

(
∆∗
i e
iϕj + ∆je

−iϕi
)

+
J

2

∑
〈i,j〉

∆∗
i∆j

}
. (A.2)
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A.2 Mean-field

Assuming a real mean value for the field ∆i we write ZQPM in terms of ϕi
and ∆i = ∆0 + δi with ∆0 ∈ R leading to

ZQPM =

∫
[dϕ][dδ][dδ∗] exp

{
−
∫ β

0

dτ
1

2U

∑
i

ϕ̇2
i − Jz∆0

∑
i

cos(ϕi)

}
(A.3)

× exp

{
−
∫ β

0

dτ
Jz

2

∑
i

∆2
0 +

J

2

∑
〈i,j〉

∆0

(
δ∗i + δj

)
+
J

2

∑
〈i,j〉

δ∗i δj

− J

2

∑
〈i,j〉

(
δ∗i e

iϕj + δje
−iϕi
)}
.

A.2 Mean-field

We determine the optimal value of ∆0 by minimizing ZQPM with respect to

∆0
δ

δ∆0

ZQPM = 0 ⇒ ∆0 = 〈cos(ϕi)〉Sloc
ϕ
, (A.4)

where 〈. . . 〉Sloc
ϕ

denotes the expectation value with respect to the local part

of the action, i.e, equation (A.3).

A.3 Spin waves

We approximate Sloc
ϕ [ϕ,∆0] by a quadratic action (spin waves) and write

Sloc
ϕ [ϕ,∆0] ≈ Ssw

ϕ [ϕ,∆0] =

∫ β

0

dτ
1

2U

∑
i

ϕ̇2
i +

Jz∆0

2

∑
i

ϕ2
i . (A.5)

Going over to frequency space we write

ϕi(τ) =
1√
β

∑
n

ϕi,ne
−iωnτ , (A.6)

where ωn are bosonic Matsubara frequencies and the action becomes

Ssw
ϕ [ϕ,∆0] =

∑
i,n

ϕi,nG
−1
0 (n)ϕi,−n with G−1

0 (n) =
ω2
n

2U
+
Jz∆0

2
. (A.7)
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A.3.1 Solving saddle point equations within spin waves

Within a quadratic theory we know that

〈cos(ϕi)〉Ssw
ϕ

= e
− 1

2
〈ϕ2

i 〉Ssw
ϕ , (A.8)

therefore we consider

〈ϕi(0)ϕi(0)〉Ssw
ϕ

=
1

β

∑
n,m

〈ϕi,nϕi,m〉Ssw
ϕ

=
1

β

∑
n

〈ϕi,nϕi,−n〉Ssw
ϕ

(A.9)

=

∫
dω

2π

1
ω2

2U
+ Jz∆0

2

= 2U

∫
dω

2π

1

ω2 + UJz∆0︸ ︷︷ ︸
ω2

p

(A.10)

=
U

ωp
=
√
u∆

−1/2
0 , (A.11)

where we defined u = U/Jz as usual. Inserting this result into equation

(A.4) leads to

∆0 = e−
1
2

√
u∆

−1/2
0 , (A.12)

which can be solved to obtain ∆0 = −u/16W (−
√
u/16) with W (x) denoting

the Lambert-W function. The procedure applied here amounts to a self

consistent harmonic approximation, meaning we find an optimal quadratic

Hamiltonian for Sloc
ϕ [ϕ,∆0]. This should be equivalent to our old approach.

A.3.2 Improvements

There are two possible strategies possible for a systematic improvement of

the spin wave analysis presented here:

1. Solve the local problem

Z loc
ϕ =

∫
[dϕ] exp

{
−
∫ β

0

dτ
1

2U

∑
i

ϕ̇2
i − Jz∆0

∑
i

cos(ϕi)

}
and

(A.13)

∆0 = 〈cos(ϕi)〉Sloc
ϕ

(A.14)

exactly. This can be achieved by solving the corresponding Schrödinger

equation [
−U

2
∂2
ϕ + Jz∆0 cos(ϕ)

]
f(ϕ) = Ef(ϕ). (A.15)
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A.3 Spin waves
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Figure A.1: Energy levels of the Mathieu problem. The solid and dashed

lines correspond to even and odd solutions. The spin wave analysis applies

for large q where the levels are approximately equally spaced. This clearly

breaks down in the low-q regime as shown in the inset. The gray shaded area

denote the “trapped” levels.

To use the conventions of Abramowitz & Stegun we rescale to the

Mathieu equation [
∂2
v + (a− q cos(2v))

]
g(v) = 0, (A.16)

where a = 8E/U , q = 16Jz∆0/U and f(ϕ) = g(2v). Therefore, we see

that we need solutions g(v) with g(v+π) = g(v). In order to illustrate

the assumptions we made by using the spin wave approximation and to

shed light on the next point we show the structure of the eigenenergies

of (A.16) in Fig. A.1.

2. WKB approximation for (A.15).
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RPA derivation of the amplitude mode

A.4 Random phase approximation (RPA)

In order to proceed we write

ZQPM ≈
∫

[dϕ][dδ][dδ∗] exp
{
−Ssw

ϕ [ϕ,∆0]− Sint[ϕ, δ, δ
∗]− Sδ[δ, δ

∗,∆0]
}
,

(A.17)

with the different actions given by

Ssw
ϕ [ϕ,∆0] =

∑
i,n

ϕi,nG
−1
0 (n)ϕi,−n, (A.18)

Sint[ϕ, δ, δ
∗] =

∫ β

0

dτ − J

2

∑
〈i,j〉

(
δ∗i e

iϕj + δje
−iϕi
)
, (A.19)

Sδ[δ, δ
∗,∆0] =

∫ β

0

dτ
J

2
∆0

∑
〈i,j〉

(
δ∗i + δj

)
+
J

2

∑
〈i,j〉

δ∗i δj, (A.20)

where we have dropped constant terms. To get an effective action in terms of

the fields δ and δ∗ only, we integrate out the ϕ field. This can be done exactly

in powers of the fluctuations δ, δ∗ around the value ∆0, i.e., we expand the

exponential with Sint[ϕ, δ, δ
∗] to second order and re-exponentiate it (RPA).

We start with

ZQPM ≈ ZRPA =

∫
[dδ][dδ∗] exp

{
−Sδ[δ, δ∗,∆0]

}∫
[dϕ] exp

{
−Ssw

ϕ [ϕ,∆0]
}
×[

1 +
J

2

∫ β

0

dτ
∑
〈i,j〉

(
δ∗i e

iϕj + δje
−iϕi
)

(A.21)

+
1

2

(
J

2

)2 ∫ β

0

∫ β

0

dτdτ ′
∑
〈i,j〉
〈l,m〉

(
δ∗i e

iϕj + δje
−iϕi
)(
δ∗l e

iϕm + δme
−iϕl
)]

=

∫
[dδ][dδ∗] exp

{
−Sδ[δ, δ∗,∆0]

}
×[

1 +
J

2

∫ β

0

dτ
∑
〈i,j〉

(
δ∗i 〈eiϕj〉Ssw

ϕ
+ δj〈e−iϕi〉Ssw

ϕ

)
(A.22)

+
1

2

(
J

2

)2 ∫ β

0

∫ β

0

dτdτ ′
∑
〈i,j〉
〈l,m〉

(
δ∗i δ

∗
l 〈eiϕjeiϕm〉Ssw

ϕ
+ δ∗i δm〈eiϕje−iϕl〉Ssw

ϕ

+ H.c.
)]
,
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A.4 Random phase approximation (RPA)

where in going from (A.21) to (A.22) we integrated over the phases ϕ. Before

proceeding, we note the identity

log(1 + aλ+ b2λ2) ≈ aλ+ (b2 − a2

2
)λ2 +O(λ3), (A.23)

meaning, if we re-exponentiate the terms in (A.22) and a stands for the terms

linear in J/2 and b2 for the quadratic terms, (b2 − a2/2) amounts for taking

connected correlation functions 〈〈. . . 〉〉Ssw
ϕ

only. Doing so, we obtain for the

effective action

Seff [δ, δ∗] =
J

2

[∫ β

0

dτ
∑
〈i,j〉

δ∗i δj −
J

4

∫ β

0

∫ β

0

dτdτ ′
∑
〈i,j〉
〈l,m〉

(
δ∗i δ

∗
l 〈〈eiϕjeiϕm〉〉Ssw

ϕ

+ δ∗i δm〈〈eiϕje−iϕl〉〉Ssw
ϕ

+ H.c.
)]
. (A.24)

A.4.1 Correlation functions

Before we proceed with the evaluation of the lattice sums in Seff [δ, δ∗] we

want to calculate the needed correlation functions. We start by noting that

the site-decoupled spin wave theory only gives rise to local correlations and

we again use the identity for Gaussian theories

G(τ − τ ′) = 〈eiϕi(τ)e−iϕi(τ
′)〉Ssw

ϕ
= e

− 1
2
〈(ϕi(τ)−ϕi(τ

′))2〉Ssw
ϕ , (A.25)

F (τ − τ ′) = 〈eiϕi(τ)eiϕi(τ
′)〉Ssw

ϕ
= e

− 1
2
〈(ϕi(τ)+ϕi(τ

′))2〉Ssw
ϕ . (A.26)

Therefore we need

〈ϕi(τ)ϕi(τ ′)〉Ssw
ϕ

=
1

β

∑
n,m

〈ϕi,nϕi,m〉Ssw
ϕ
eiωnτ+iωmτ ′

=
1

β

∑
n

〈ϕi,nϕi,−n〉Ssw
ϕ
e−iωn(τ−τ ′) (A.27)

= 2U

∫
dω

2π

e−iω(τ−τ ′)

ω2 + ω2
p

=
U

ωp
e−ωp|τ−τ ′| =

√
u∆

−1/2
0 e−ωp|τ−τ ′|,

which we combine with (A.11) to obtain

G(τ − τ ′) = e−
√
u∆

−1/2
0

(
1−e−ωp|τ−τ ′|

)
, (A.28)

F (τ − τ ′) = e−
√
u∆

−1/2
0

(
1+e−ωp|τ−τ ′|

)
. (A.29)
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RPA derivation of the amplitude mode

∆4
0

τ [1/ωp]

1/ωp ∝ ∆
−1/2

0

G(τ)

F (τ)

∆2
0

0

1

0
21 3 4

Figure A.2: Correlation functions G(τ) (normal) and F (τ) (anomalous) for

a given value of u. For long times only the mean value ∆2
0 is seen, whereas

for times shorter then 1/ωp, one can see fluctuations.

Confer Fig. A.2. The connected correlation functions are given by

Gc(τ − τ ′) = G(τ − τ ′)−∆2
0, (A.30)

F c(τ − τ ′) = F (τ − τ ′)−∆2
0, (A.31)

and for later purposes we need the symmetric and anti-symmetric combina-

tions

Gc(τ)± F c(τ)

2
=

{
∆2

0 cosh
(√

u∆
−1/2
0 e−ωp|τ |

)
−∆2

0 ≈ 1
2
ue−2ωp|τ | =: M(τ)

∆2
0 sinh

(√
u∆

−1/2
0 e−ωp|τ |

)
≈
√
ue−ωp|τ | =: S(τ)

,

where in the last step we expanded consistently in small u (note that ∆2
0 ≈

1−
√
u) for a Fourier transformation

M(n) = 2u
ωp

ω2
n + (2ωp)2

, (A.32)

S(n) = 2
√
u

ωp
ω2
n + ω2

p

. (A.33)
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A.4 Random phase approximation (RPA)

A.4.2 Hopping – lattice sums

We start with the simpler case of the hopping stemming from Sδ[δ, δ
∗,∆0]∫ β

0

dτ
∑
〈i,j〉

δ∗i (τ)δj(τ) =
1

βN

∑
k,k′
n,m

δ∗k,nδk′,m (A.34)

∫ β

0

dτ
∑
i,ai

ei(k−k′)·rie−ik
′·aiei(ωm−ωn)τ (A.35)

=
1

βN

∑
k,k′
n,m

δ∗k,nδk′,m

∑
ai

e−ik
′·ai

∫ β

0

dτ
∑
i

ei(k−k′)·riei(ωm−ωn)τ

︸ ︷︷ ︸
Nβδn,mδk,k′

(A.36)

=
∑
k,n

2Σ(k)δ∗k,nδk,n = z
∑
k,n

ε0(k)δ∗k,nδk,n, (A.37)

where we wrote the sum over nearest neighbors 〈i, j〉 as a sum over ri which

runs over all lattice sites and ai connecting nearest neighbors. Note that

for each site, ai includes both signs for each direction leading to Σ(k) =∑d
l=1 cos(ai · k) and we introduced ε0(k) = 2Σ(k)/z having a bandwidth

equal to 2, for later convenience. In a next step we consider the “anomalous”

hopping hopping proportional to F c(τ − τ ′). For clarity we tag Kronecker

deltas with δK
... to avoid confusion with the fields δ...

−J
4

∫ β

0

∫ β

0

dτdτ ′
∑
〈i,j〉
〈l,m〉

δi(τ)δl(τ)F
c(τ − τ ′)δK

j,m

= −J
4

∫ β

0

∫ β

0

dτdτ ′
∑
i,ai
l,al

δi(τ)δl(τ)F
c(τ − τ ′)δK

ri+ai,rl+al

= −J
4

1

βN

∑
k,k′
n,m

δk,nδk′,m

∑
i,ai
l,al

eik·ri+ik
′·rl δK

ri+ai,rl+al︸ ︷︷ ︸
⇒ri=rl+al−ai

×
∫ β

0

∫ β

0

dτdτ ′ e−iωnτ−iωmτ ′F c(τ − τ ′)
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RPA derivation of the amplitude mode

= −J
4

1

β2N

∑
k,k′

n,m,h

δk,nδk′,m

∑
l

eirl·(k′+k)

︸ ︷︷ ︸
NδK

k,−k′

∑
ai,al

eiai·keial·k′
F c(h)

×
∫ β

0

∫ β

0

dτdτ ′ e−iωnτ−iωmτ ′−iωh(τ−τ ′)︸ ︷︷ ︸
βδK−n,hβδ

K
m,h

= −Jz
2

4

∑
k,n

ε20(k)F c(n)δk,nδ−k,−n.

And in a similar manner we obtain for the “normal” hopping

−J
4

∫ β

0

∫ β

0

dτdτ ′
∑
〈i,j〉
〈l,m〉

δ∗i (τ)δm(τ)Gc(τ − τ ′)δj,l = −Jz
2

4

∑
k,n

ε20(k)Gc(n)δ∗k,nδk,n.

A.4.3 RPA propagator

We are now in the position to express the RPA propagator in matrix form.

We introduce ~δk,n = (δk,n, δ
∗
−k,−n). Note that a careful counting on how many

times the different terms appear in the matrix is necessary, i.e., the direct

hopping from the non-expanded part, the “normal” and anomalous hopping.

We write

Seff [δ, δ∗] =
Jz

2

∑
k,n

~δ∗k,n

[
ε0(k)− Jz

4
ε20(k)Gc(n) −Jz

4
ε20(k)F c(n)

−Jz
4
ε20(k)F c(n) ε0(k)− Jz

4
ε20(k)Gc(n)

]
~δk,n

=
Jz

2

∑
k,n

~β∗k,n

[
ε0(k)

[
1− Jzε0(k)M(n)

2

]
0

0 ε0(k)
[
1− Jzε0(k)S(n)

2

]] ~βk,n

=
Jz

2

∑
k,n

~β∗k,n

[
G−1
m (k, ωn) 0

0 G−1
s (k, ωn)

]
~βk,n, (A.38)

where

~βk,n = 1/
√

2

[
1 1

1 −1

]
~δk,n, (A.39)

showing that the two modes are given by the real and imaginary part of δ,

which by our choice of a real ∆0, is an amplitude and a phase fluctuation.
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A.4 Random phase approximation (RPA)

A.4.4 Excitation spectra

We find the excitation energies by equation G−1
s(m)(k, ωn) = 0 and an analytic

continuation ωn → iω.

The amplitude mode

We start with the amplitude mode

1 = Jzε0(k)M(ω)/2 = Jzε0(k)u
ωp

−ω2 + (2ωp)2
(A.40)

⇒ ω2 = (2ωp)
2 − Jzε0(k)uωp (A.41)

⇒ ω = 2ωp

√
1−

√
u

4
ε0(k). (A.42)

This result coincides with our previous calculations, cf. Chap. 2.

The Goldstone mode

We now solve for the poles in Gs(k, ω)

1 = Jzε0(k)S(ω)/2 = Jzε0(k)
√
u

ωp
−ω2 + ω2

p

(A.43)

⇒ ω2 = ω2
p − Jzε0(k)

√
uωp (A.44)

⇒ ω = ωp
√

1− ε0(k), (A.45)

and we find the gap-less Goldstone mode as expected.
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Appendix B

On the diagonalization of

certain 4×4 -matrices with an

antisymmetry

B.1 Hamiltonian

In this appendix, we discuss the diagonalization of a Hamiltonian (Hermitian

matrix) H of the form

H =


ξ1 ∆ t 0

∆ −ξ1 0 −t
t 0 ξ2 0

0 −t 0 −ξ2

 =

(
ξ1σ3 + ∆σ1 tσ3

tσ3 ξ2σ3

)
(B.1)

where ξ1, ξ2, t and ∆ are four real parameters and σk denote the unitary and

Hermitian Pauli matrices,

σ0 =

(
1 0

0 1

)
, σ1 =

(
0 1

1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0

0 −1

)
. (B.2)

Such a Hamiltonian may arise when studying two 2-level systems coupled in

a specific way or in the description of a SN-interface. Our goal is to find the

eigenvalue h1, . . . , h4 and eigenvectors h1, . . . ,h4 such that Hhk = hkhk. We

know from the beginning that hk are real numbers as H is Hermitian.
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B.2 Antisymmetry

B.2 Antisymmetry

Upon inspection of the Hamiltonian (B.1) (or the square of it as explained

below), one may note the antisymmetry

S = S† =

(
σ2 0

0 σ2

)
, (B.3)

with

− H = SHS (B.4)

and S unitary. Some notes on the proof: σ2
2 = σ0, therefore S2 = S†S = 11

and S is unitary. Furthermore, one can derive σ2σ1(3)σ2 = −σ1(3) from the

relation σkσl = iεklmσm and Eq. (B.4) follows. What does an antisymmetry

of the form of Eq. (B.4) tell us about the eigenvalues hk and eigenvectors hk?

First, we note that S is a symmetry of H2, i.e., H2 = SH2S. The matrix H2

does not mix the different eigenspaces belonging to the distinct eigenvalues

±1 of S and can be diagonalized in each eigenspace individually. Moreover,

HShk = −SHhk = −hkShk, such that Shk is an eigenvector to the eigenvalue

−hk. Therefore, to each eigenvalue hk with eigenvector hk of H there is also

an eigenvalue −hk with eigenvector Shk, in particular

ĥk = Shk ⊥ hk if hk 6= 0. (B.5)

Both eigenvectors hk and ĥk have the same eigenvalue h2
k with respect to

the matrix H2. Without any accidental degeneracy each eigenspace of H2 has

dimension 2. Note though, that due to the relation (B.5) the vectors hk and

ĥk are not eigenvectors of S. As the matrices commute, there must be a basis

where both matrices (S and H2) are diagonal simultaneously. We note that

the vectors

v±k = hk ± ĥk (B.6)

are the simultaneous eigenvectors of H2 (with eigenvalues h2
k) and of S (with

eigenvalues ±1). If we search for eigenvalues of H2 in a eigenspace of S, we

will find the eigenvectors v±k , which are not eigenvectors of H, although hk
and ĥk are. At first, it seems impossible to obtain hk and ĥk without solving

another eigenvalue problem in the eigenspace {v+
k ,v

−
k } wherein H2 = h2

k11.

This problem arises, as v+
k and v−k have no definite phase relation, given

the fact that they originate from two independent 2×2-problems. But then

one notes the following: not only S transforms one eigenvector h of H with
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On the diagonalization of certain 4×4 -matrices with an antisymmetry

eigenvalue hk into an eigenvector ĥk with eigenvalue−hk [Eq. (B.5)] such that

the symmetrized version are eigenvectors of S [Eq. (B.6)], but the equivalent

is true for S and H interchanged. More explicitly

Hv+
k = H(hk + Shk) = (Hhk − SHhk) = hkv

−
k (B.7)

and Hv−k = hkv
+
k . Furthermore, the matrix H/hk is a unitary matrix on the

subspace {v+
k ,v

−
k }. With these prerequisites at hand we are in the position

to infer the eigenvectors from only one S-sector

hk =
1√
2

(
1 +

H

|hk|

)
v+
k ĥk =

1√
2

(
1− H

|hk|

)
v+
k , (B.8)

which can be proven by acting with H on them.

B.3 Spin-1/2 algebra – quaternions

A traceless, Hermitian, complex 2×2 matrix A can be parametrized by the

Pauli matrices σ = (σ1, σ2, σ3)
T with the coefficient vector a = (a1, a2, a3)

T

via A = a · σ. A unitary transformation U(ω) in this matrix space may be

parametrized by a vector ω via

U(ω) = e−iω·σ/2 = cos(ω/2)σ0 − i sin(ω/2)ω̂ · σ, (B.9)

where ω̂ = ω/ω with ω = |ω|. It is then a simple exercise to check that

U†(ω)(a · σ)U(ω) = (R−1
ω a) · σ, (B.10)

where Rω is a rotation in a three dimensional real vector space with the angle

ω around the axis ω. When Rωa is along the z-axis, the matrix A has been

diagonalized. One can show that the eigenvectors of A are given by

A1 = [cos(θ/2), eiϕ sin(θ/2)]T, A2 = [− sin(θ/2), eiϕ cos(θ/2)]T, (B.11)

where (θ, ϕ) are the polar angles of a with respect to the z axis. The corre-

sponding eigenvalues read

A1/2 = a0 ±
√
a2

1 + a2
2 + a2

3. (B.12)
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B.4 Diagonalization of H

B.4 Diagonalization of H

First, we find the eigenspace of the antisymmetry S, Eq. (B.3), to the eigen-

value +1. We find

s1 =
1√
2
(1, i, 0, 0)T, s2 =

1√
2
(0, 0, 1, i)T (B.13)

which define the columns of the 4×2 unitary transformation-matrix

s = (s1, s2) =
1√
2


1 0

i 0

0 1

0 i

 . (B.14)

Within the +1-sector of S, we write the matrix H2 in this basis and obtain

s†H2s =

(
ξ2
1 + ∆2 + t2 t(ξ1 + ξ2 − i∆)

t(ξ1 + ξ2 + i∆) ξ2
2 + t2

)
= a0σ0 + a · σ, (B.15)

with

a0 = (ξ2
1 + ξ2

2 + ∆2)/2 + t2, a1 = t(ξ1 + ξ2), (B.16)

a2 = t∆, a3 = (ξ2
1 − ξ2

2 + ∆2)/2. (B.17)

The polar angles (θ, ϕ) can then be obtained by solving

eiϕ =

√
a1 + ia2√
a1 − ia2

=

√
ξ1 + ξ2 + i∆√
ξ1 + ξ2 − i∆

and (B.18)

θ = arctan

(
a3√
a2

1 + a2
2

)
+ πΘ(−a3) (B.19)

= arctan

(
ξ2
1 − ξ2

2 + ∆2

2|t|
√

(ξ1 + ξ2)2 + ∆2

)
+ πΘ(ξ2

2 − ξ2
1 −∆2), (B.20)

where in (B.18) one has to take the square root with positive real part and

Θ(x) is the unit step function. The eigenvectors are given by Eq. (B.11) with

the corresponding eigenvalues

A1/2 =
ξ2
1 + ξ2

2 + ∆2

2
+ t2±

√
(ξ2

1 − ξ2
2 + ∆2)/4 + t2[(ξ1 + ξ2)2 + ∆2]. (B.21)
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On the diagonalization of certain 4×4 -matrices with an antisymmetry

In the original basis, the eigenvectors to H2 in the positive eigensector of S

are given by

v1 = sA1 =
1√
2
[cos(θ/2), i cos(θ/2), eiϕ sin(θ/2), ieiϕ sin(θ/2)]T

v2 = sA2 =
1√
2
[− sin(θ/2),−i sin(θ/2), eiϕ cos(θ/2), ieiϕ cos θ/2)]T. (B.22)

Now, we are done. The normalized eigenvectors hk and eigenvalues hk can

be written as

h+
1 =

1√
2

(
1 +

H

h+
1

)
v1 h+

1 =
√
A1

h−1 =
1√
2

(
1− H

h+
1

)
v1 h−1 = −

√
A1

h+
2 =

1√
2

(
1 +

H

h+
2

)
v2 h+

2 =
√
A2

h−2 =
1√
2

(
1− H

h+
2

)
v2 h−2 = −

√
A2. (B.23)

B.5 The bosonic problem

The aforementioned situation naturally arises in fermionic problems where

the antisymmetry S of H reflects the Pauli principle. In bosonic, Bogoliubov-

type problems (with m flavors of bosons) one is usually confronted with the

problem to find a Matrix M that diagonalizes a matrix H while being in the

generalized Lorentz group O(m,m) defined as

Σm = diag(1, . . . , 1︸ ︷︷ ︸
m

,−1, . . . ,−1︸ ︷︷ ︸
m

),

O(m,m) = {M ∈ GL(2m,R) | MΣmM† = Σm}. (B.24)

To see this, one writes the bosonic operators b1, . . . , bm as a column vector
~b = [b1, . . . , bm, b

†
1, . . . , b

†
m]T and expresses the commutation relations as

(~b ·~b†)T − (~b†)T · (~b)T =


 b1

...

b†m

(b†1, . . . , bm)


T

−


 b†1

...

bm

(b1, . . . , b†m)


=

 [b1, b
†
1] . . . [b†m, b

†
1]

...
. . .

...

[b1, bm] . . . [b†m, bm]

 = Σm. (B.25)
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B.5 The bosonic problem

If one wants to diagonalize a quadratic, anomalous Hamiltonian H, written

in matrix form as

H = ~b†H~b, (B.26)

one is seeking M such that in terms of ~β = M†~b, H is diagonal. In order for

the transformation to be canonical, i.e., the β-operators also fulfill bosonic

commutation relations, M has to be in U(m,m), as can be seen be inserting
~β into (B.25). To find M one can now follow two routes: (i) Either one finds

a proper parametrization of M in terms of angles and rapidities or (ii) one

maps the problem to a non-Hermitian eigenvalue problem. This can be seen

by re-writing MΣmM† = Σm as M† = ΣmM−1Σm. Inserting this into the

condition M†HM = D with D diagonal, we obtain the following equation

M−1ΣmHM = ΣmD. (B.27)

A typical Bogoliubov-type problem has the form

H =

(
A B

B† A

)
(B.28)

with A† = A. Hence, ΣmH obeys the antisymmetry discussed in Sec. B.2.
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Appendix C

Effective Hamiltonian and

perturbation theory

This appendix provides additional material for Chap. 3. We show the detailed

expression for the effective Hamiltonian obtained via the variational mean-

field prescription explained in Chap. 3, the expressions for the sound and

massive mode in the truncation scheme and the weight of the massive mode

in the kinetic response, and finally a perturbative calculation of the dynamic

structure factor S(q, ω).

C.1 Effective Hamiltonian

By replacing all operators b0,i in (3.1) expressed in the b-bosons and collecting

all terms second order in b1,i, b2,i we arrive at the following expressions for

the effective Hamiltonian

Heff = 2tz
∑
k∈K

g−1

11,kb
†
1,kb1,k + g−1

22,kb
†
2,kb2,k

+

(
f−1

11,k

2
b†1,kb

†
1,−k +

f−1
22,k

2
b†2,kb

†
2,−k + g−1

12,kb
†
1,kb2,k + f−1

12,kb
†
1,kb

†
2,−k + H.c.

)
,
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C.1 Effective Hamiltonian

where we extracted a factor 2tz corresponding to the non-interacting band-

width from the definitions of the coefficients given by

g−1

11,k = − δµ

2tz
sin(2σ) cos(ϑ) +

U

4tz
cos(ϑ) (C.1)

+
1

2
[1− cos2(ϑ)]{n+

√
n(n+ 1) cos(2σ) +

1

2
[sin(2σ) + 1]}

− γk

2

{
1

2
[cos2(ϑ) + 1]{n+

1

2
[sin(2σ) + 1]}

− 1

2

√
n(n+ 1)[1− cos2(ϑ)] cos(2σ)

}
,

g−1

22,k = +
δµ

4tz
[3− cos(ϑ)] sin(2σ) +

U

8tz
[cos(ϑ) + 1] (C.2)

+
1

4
[1− cos2(ϑ))]{n+

√
n(n+ 1) cos(2σ) +

1

2
[sin(2σ) + 1]}

− γk

4

{
n+

1

2
[1− sin(2σ)]

}
[cos(ϑ) + 1],

g−1

12,k = − δµ

2tz
cos(ϑ/2) cos(2σ) (C.3)

+ cos(ϑ/2)
1

8
[1− cos(ϑ)][cos(2σ) + 2

√
n(n+ 1) sin(2σ)]

− γk

8
cos(ϑ/2)

{
[cos(ϑ) + 1] cos(2σ) + 2

√
n(n+ 1)[1− cos(ϑ)] sin(2σ)

}
,

f−1

11,k =
γk

4

{
[1− cos2(ϑ)]{n+

1

2
[sin(2σ) + 1]} (C.4)

−
√
n(n+ 1)

[
cos2(ϑ) + 1

]
cos(2σ)

}
,

f−1

22,k =
γk

4

√
n(n+ 1)[cos(ϑ) + 1] cos(2σ), (C.5)

f−1

12,k =
γk

8
cos(ϑ/2)

{
[1− cos(ϑ)] cos(2σ) (C.6)

+
√
n(n+ 1)[cos(ϑ) + 1] sin(2σ)

}
,

where we defined again γ(k) = 1/z
∑d

l=1 exp(ik · al). In the superfluid phase

the excitation energies are given by

εs(m)(k) = tz

√
2
[
Aε(k)∓

√
Aε(k)2 − 4Bε(k)

]
, (C.7)
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Effective Hamiltonian and perturbation theory

and the coefficients are defined as

Aε(k) = (g−1

11,k)
2 + (g−1

22,k)
2 − (f−1

11,k)
2 − (f−1

22,k)
2 +

2(g−1

12,k)
2 − 2(f−1

12,k)
2,

Bε(k) = ((g−1

11,k − f−1

11,k)(g
−1

22,k − f−1

22,k)− (g−1

12,k − f−1

12,k)
2)×

((g−1

11,k + f−1

11,k)(g
−1

22,k + f−1

22,k)− (g−1

12,k + f−1

12,k)
2).

The weight Wmass of the delta peak at ∆m in Skin is given by

Wmass = sin(ϑ)2

[
cos(ϑ/2)2(N21(0) + P21(0))−

1

2
cos(ϑ)[

√
n0 +

√
n0 + 1]2(N11(0) + P11(0))

]2

.

C.2 Perturbation theory

For a perturbative treatment of the dynamic structure factor one starts from

the pure Mott state |0̃〉 where all sites are occupied by exactly n0 particles. A

consistent expansion of (3.36) in t/U is obtained by an admixture of virtual

particle hole pairs in the ground state

|0〉(1) = −t
∑
i6=j

∑
〈l,m〉

|i, j〉〈i, j|a
†
lam|0̃〉
U

+ |0̃〉, (C.8)

where |i, j〉 denotes a state with n0 + 1 particles at i and n0 − 1 particles at

j. The excited states in (3.36) are to lowest order given by the states

|n〉 = |kp,kh〉 =
1

N

∑
i6=j

ei(kp·ri−kh·rj)|i, j〉, (C.9)

with the energies

ε(kp,kh) = U − (n0 + 1)ε0(kp)− n0ε0(kh). (C.10)

Inserting these perturbative states and energies into (3.36) leads to the ex-

pression

S(2)(q, ω) = N

(
t

U

)2

n0(n0 + 1)× (C.11)∫
K

dk

v0

[dγ(q− k)− dγ(k)]2δ(~ω − ε(q− k,k)).
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C.2 Perturbation theory

Both sides of the f -sum rule can be calculated independently and they coin-

cide with a value given by∫ ∞

0

dω ωS(2)(q, ω) = 4
t2

U
Ndn0(n0 + 1)

[
1− 1

2
γ(q)

]
,

which shows again the quadratic dependence on t and the vanishing with q2

for small q.
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